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ABSTRACT

This paper aims to investigate a random coupled system with multiple fractional derivatives of
ψ−Caputo with retarded and advanced arguments, and proves the uniqueness of random solution
by applying random versions of the Pervo fixed point theorem, while the existence of solutions
is derived by a random version of a Krasnoselskii-type fixed point theorem. Obtained results are
supported by examples and illustrated in the last section
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1. INTRODUCTION

In this paper, we investigate the existence and uniqueness of the following nonlinear random
coupled system of ψ-Caputo fractional integro-differential equations

cDα1;ψ x(t,υ)+∑
m
i=1 Iγ1,i;ψ p1,i(t,xt(υ),yt(υ),υ) = q1(t,xt(υ),yt(υ),υ)

cDα2;ψ y(t,υ)+∑
m
i=1 Iγ2,i;ψ p2,i(t,xt(υ),yt(υ),υ) = q2(t,xt(υ),yt(υ),υ)

; t ∈ J,υ ∈Ω.

(1)

 (x(t,υ),y(t,υ)) = (η1(t,υ),η2(t,υ)), t ∈ [a− r,a],r > 0,υ ∈Ω

(x(t,υ),y(t,υ)) = (ξ1(t,υ),ξ2(t,υ)), t ∈ [T,T + l], l > 0,υ ∈Ω

;υ ∈Ω, (2)

where J = [a,T ], Dα j ;ψ denotes the ψ-Caputo fractional derivative of order 1 < α j ≤ 2, Iγi, j ;ψ

is the ψ-Riemann-Liouville fractional integral of orders γi, j > 0, (Ω,A ) is measurable space,
pi,qi, j : J×C([−r, l],Rn)×C([−r, l],Rn)×Ω→ Rm are given functions,η j ∈ C([a− r,a],Rn)
with η j(a,υ) = 0 and ξ ∈C([T,T + l],Rn) with ξ (T,υ) = 0 ; j = 1,2, i = 1 · · ·m.

2. PRELIMINARIES

In this section, we introduce some preliminaries and lemmas that will be used throughout
this paper and we will prove an auxiliary lemma, which plays a key role in defining a fixed point
problem associated with the given problem. By C([−r, l],Rn) we denote the Banach space of all
continuous functions from [−r, l] into Rn provided with the norm
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‖x‖[−r,l] = sup{‖x(t)‖ :−r ≤ t ≤ l}.
and C([a,T ],Rn) is Banach space equipped with norm

‖x‖[a,T ] = sup{‖x(t)‖ : a≤ t ≤ T}.

AC(J,Rn) is the space of absolutely continuous functions on J, and we denote by AC1(J,Rn) the
space of functions x(t) which have continuous derivatives on J :

AC1(J,Rn) = {‖x→ Rn : x′ ∈ AC1(J,Rn)}.

where
x′(t) = t

d
dt

g(t), t ∈ J.

we denote the space X by

X = {x : [a−r,T +l]→Rn : x|[a−r,a] ∈C([a−r,a]),x|[a,T ] ∈AC([a,T ]) and x|[T,T+l] ∈C([T,T +l])}

where the aforementioned space are supplemented with the following norms

‖x‖[a−r,a] = sup{‖x(t)‖ : a− r ≤ t ≤ a},

‖x‖[T,T+l] = sup{‖x(t)‖ : T ≤ t ≤ T + l},
‖x‖X = sup{‖x(t)‖ : a− r ≤ t ≤ T + l}.

The product space X×X is provided with the norm

‖(x,y)‖X×X := ‖x‖X +‖y‖X .

Definition 2.1 [3] Let α > 0 and an increasing function ψ : J→R satisfy ψ ′(t) 6= 0 for all t ∈ J.
The ψ-Riemann–Liouville fractional integral of a function x : [a,T ]→ R is defined by

Iα;ψ x(t) =
1

Γ(α)

∫ t

a
ψ
′(s)(ψ(t)−ψ(s))α x(s)ds, 0 < a < s < t.

Definition 2.2 [3] The ψ-Caputo fractional derivative of order α > 0 for a function x∈Cn[0,∞)
is defined by

cDα;ψ x(t) =
1

Γ(n−α)

∫ t

a
ψ
′(s)(ψ(t)−ψ(s))n−α−1Dn

ψ x(s)ds, 0 < a < s < t.

where n = [p]+1 and Dn
ψ =

(
1

ψ ′(t)
d
dt

)n
.

Lemma 2.3 [3] Let p > 0. The following holds
— If x ∈C(J,R), then

cDα;ψ Iα;ψ x(t) = x(t), t ∈ J,

— If x ∈Cn(J,R), n−1 < p < n, then

Iα;ψ cDα;ψ x(t) = x(t)−
n−1

∑
k=0

ckΨ
k
0(t), t ∈ J.

where, Ψk
0(t) = (ψ(t)−ψ(0))k,Ψ0(t) = (ψ(t)−ψ(0)) and ck =

Dk
ψ x(0)
k!

.
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Lemma 2.4 Let 1 < α < 2. For any functions F,Pi ∈C(J,R), η ∈C([a− r,a],R) with η(a) = 0
and ξ ∈C([T,T + l],R) with ξ (T ) = 0. Then the following linear problem


cDα;ψ x(t)+

m

∑
i=1

Iγ;ψ Pi(t) = Q(t), t ∈ J,

u(t) = η(t), t ∈ [a− r,a],r > 0,
u(t) = ξ (t), t ∈ [T,T + l], l > 0.

(3)

has a unique solution, which is given by

x(t) =
1

Γ(α)



η(t), if t ∈ [a− r,a],

Iα;ψ Q(t)−
m

∑
i=1

Iγ+α;ψ Pi(t)

+
Ψa(t)
Ψa(T )

( m

∑
i=1

Iγ+α;ψ Pi(T )− Iα;ψ Q(T )
)
, if t ∈ J,

ξ (t), if t ∈ [T,T + l].

(4)

Proof. Applying theψ-Riemann-Liouville fractional integral of order α to both side of the equa-
tion in (3), and using Lemma 2.3, we get

x(t) = Iα;ψ Q(t)−
m

∑
i=1

Iγ+α;ψ Pi(t)+ c0 + c1Ψa(t); c0,c1 ∈ R. (5)

Using the fact that x(a) = η(a) = 0 , x(T ) = ξ (T ) = 0, and from (5), we find

x(a) = c0 = 0

and

x(T ) = Iα;ψ Q(T )−
m

∑
i=1

Iγ+α;ψ Pi(T )+ c1Ψa(t) = 0

Some simple computations give us

c1 =
1

Ψa(T )

( m

∑
i=1

Iγ+α;ψ Pi(T )− Iα;ψ Q(T )
)

Inserting c0 and c1 in eqution (5), which leads to solution (4).

Let A and B be two σ -algebra of Borel subsets of Rm.

Definition 2.5 Let (Rm,A ) and (Rm,B) be two measurable spaces. A mapping F : (Rm,A )→
(Rm,B) is said to be measurable if the σ -algebra of Borel F−1(B)⊂A i.e.

F−1(A)⊂A for all A⊂B.

Definition 2.6 [8] A function g : Ω×Rm→ Rm is called jointly measurable if g(·,y) is measu-
rable for all y ∈ Rm and g(z, ·) is continuous for all z ∈Ω.

Definition 2.7 [8] A function g : J×Ω×Rm→ Rm is Carathéodory if the following conditions
are satisfied :
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(i) (t,y)→ g(t,y,z) is jointly measurable for any z ∈ Rm and
(ii) z→ g(t,y,z) is continuous for any t ∈ J and y ∈Ω.

Definition 2.8 [6] A mapping Q : Ω×Y → Y is Said to be a random operator if, for any y ∈ Y ,
Q(.,y) is measurable.

Definition 2.9 [8] A random fixed point of a random operator Q is a measurable function g :
Ω→ Y such that

g(y) = Q(y,g(y)), for all y ∈Ω.

Let y,z ∈ Rn with y = (y1, · · · ,yn) and z = (z1, · · · ,zn), by y ≤ z we mean yi ≤ zi for all
i = 1, · · · ,n. Also we set |y| = (|y1|, · · · , |yn|), max(y,z) = (max(y1,z1), · · · ,max(yn,zn)) and
Rn
+ = {y ∈ Rn : yi > 0,∀i,1≤ i≤ n}. If c ∈ R, then y≤ c means yi ≤ c for each i = 1, · · · ,n.

Definition 2.10 [8] Let Y be a nonempty set. By a vector-valued metric on Y , we mean a map
d : Y ×Y → Rn satisfying

(i) d(y,z)≥ 0 for all y,z ∈ Y if d(y,z) = 0, then y = z ;

(ii) d(y,z) = d(z,y) for all y,z ∈ Y ;

(iii) d(y,z)≤ d(y,w)+d(w,z) for all y,z,w ∈ Y .

We call the pair (Y,d) a generalized metric space with
d1(y,z)

.

.

.
dn(y,z)


Notice that d is a generalized metric space on Y if and only if di; i= 1, ...,n, are metrics on Y .

for r = (r1, . . . ,rn) ∈ Rn
+, we let

B(y0,r) = {y ∈ Y : d(y0,y)< r},

denote the open ball centered at y0 with radius r, and

B(y0,r) = {y ∈ Y : d(y0,y)< r}.
be the closed ball centered at y0 with radius r. We mention that for a generalized set metric
space the notions of the open set, closed set, convergence, Cauchy sequence and completeness
are similar to those in the usual metric space.

Definition 2.11 [9] A matrix M = (ai j)1≤i, j≤n ∈ Mn×n(R) is said to be convergent to zero if
and only if its spectral radius ρ(A) is strictly less then one. In other words this means that all the
eigenvalues of A are in the open unit disc, i.e., |λ | < 1 ; for every λ ∈ C with det(A−λ I) = 0 ;
where I denotes the unit matrix of Mn×n(R).
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Definition 2.12 [6] Let (Y,d) be a generalized metric space. An operator Q : X → X is said to
be contractive if there exist a matrix M convergent to zero such that

d(Q(y),Q(z))≤Md(y,z) for all y,z ∈ Y.

Theorem 2.13 [8] Let (Ω,B) be a measurable space, let Y be a real separable generalized
Banach space and let Q : Ω×Y → Y be a continuous random operator. Let M(ϑ) ∈Mn×n(R+)
be a random variable matrix such that for every ϑ ∈Ω the matrix M(ϑ) converges to 0 and

d(Q(ϑ ,y1),Q(ϑ ,y2))≤M(ϑ)d(y1,y2)

for each y1,y2 ∈ Y , ϑ ∈Ω.
Then there exists a random variable y : Ω→ Y which is the unique random fixed point of Q.

Lemma 2.14 [8]
Let Y be a separable generalized Banach space Y . Suppose that A,B : Ω×Y →Y are random

operators such that :

1. A is a continuous random and M(ϑ)-contraction operator,

2. B is a completely continuous random operator,

3. the matrix I−M has the absolute value property. if

Λ =

{
y : Ω→ Y is measurable

∣∣ζ (ϑ)A(y,ϑ)+ζ (ϑ)B
( y

ζ (ϑ)
,ϑ
)
= y
}

is bounded for all measurable mappings ζ : Ω→ R with 0 < ζ (ϑ) < 1 on Ω, then the random
equation

y = A(y,ϑ)+B(y,ϑ), y ∈ Y,

has at least one solution.

3. MAIN RESULTS

Lemma 3.1 For given functions p j,i,q j ∈C(J,Rn), j = 1,2 and i = 1, · · · ,m. A functions x,y ∈
C2 is a random solution of systems (1)-(2) if and only if x,y satisfies the following random
coupled system integral equations

x(t,υ) =

1
Γ(α j)



η j(t,υ), if t ∈ [a− r,a],

Iα j ;ψ q j(t,xt(υ),yt(υ),υ)−
m

∑
i=1

Iγ j,i+α;ψ p j,i(t,xt(υ),yt(υ),υ)+
Ψa(t)
Ψa(T )

×
( m

∑
i=1

Iγ j,i+α;ψ p j,i(T,xT (υ),yT (υ),υ)− Iα j ;ψ q j(T,xT (υ),yT (υ),υ)

)
, if t ∈ J,

ξ j(t,υ), if t ∈ [T,T + l].
(6)

Let X be the Banach space of continuous real-valued functions defined on J

X = {x(t,υ) : x(t,υ) ∈C(J,Rn)},
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endowed with the norm
‖x(·,υ)‖X = sup

t∈J

∥∥x(t,υ)
∥∥

To define a fixed point problem equivalent to the system (1)-(2), we introduce the operator

T : J×X×X×Ω→ X×X

defined by

(
T (x,y)

)
(t,υ) =

 (
T1(x,y)

)
(t,υ)(

T2(x,y)
)
(t,υ)


where

(
Tj(x,y)

)
(t,υ) =

1
Γ(α j)



η j(t,υ), if t ∈ [a− r,a],

Iα j ;ψ q j(t,xt(υ),yt(υ),υ)−
m

∑
i=1

Iγ j,i+α j ;ψ p j,i(t,xt(υ),yt(υ),υ)+
Ψa(t)
Ψa(T )

×
( m

∑
i=1

Iγ j,i+α j ;ψ p j,i(T,xT (υ),yT (υ),υ)− Iα j ;ψ q j(T,xT (υ),yT (υ),υ)

)
, if t ∈ J,

ξ j(t,υ), if t ∈ [T,T + l].
(7)

3.1. Uniqueness of solutions

The first result is concerned with the uniqueness of random solution for the system (1)-(2)
and is based on random versions of the Pervo fixed point theorem.

Theorem 3.2 We assume that the following hypotheses holds
(H1) The functions p j,i and q j are Carathéodory ; j = 1,2 and i = 1, ·,m.
(H2) There exist measurable functions K j,L j,M j,i,N j,i : Ω→ (0,∞); j = 1,2 and i =

1, ·,m such that :

‖q j(t,x,y,υ)−q j(t,x,y,υ)‖ ≤K j(t,υ)‖x− x‖[−r,l]+L j(t,υ)‖y− y‖[−r,l],

and

‖p j,i(t,x,y,υ)− p j,i(t,x,y,υ)‖ ≤M j,i(t,υ)‖x− x‖[−r,l]+N j,i(t,υ)‖y− y‖[−r,l],

for a.e.t ∈ J, and each x,y,x,y ∈C([−r, l]).
(H3) M(υ) ∈Mn×n(R+) is random variable matrix, such that for every υ ∈Ω, the matrix

M(υ) = 2

 Cα1K
∗

1 (υ)+Cγ1+αM ∗
1 (υ) Cα1L

∗
1 (υ)+Cγ1+α1N

∗
1 (υ)

Cα2K
∗

2 (υ)+Cγ2+α2M
∗
2 (υ) Cα2L

∗
2 (υ)+Cγ2+α2N

∗
2 (υ)

 .

converges to zero. with Cα j =
Ψα

a (T )
Γ(α j +1)

,Cα j+γ j =
Ψα

a (T )
Γ(γ j +α j +1)

; j = 1,2, and
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K ∗
j (υ) = ‖K j(·,υ)‖[a,T ],L ∗

j (υ) = ‖L j(·,υ)‖[a,T ],M ∗
j (υ) =

m

∑
i=1
‖M j,i(·,υ)‖[a,T ]

,

N ∗
j (υ) =

m

∑
i=1
‖N j,i(·,υ)‖[a,T ],γ j = sup

i
{γ j,i : i = 1, · · ·m,}

Then the coupled system (1)-(2) has a unique random solution.

Proof.
First, we need to show that the operator T is a random operator on X×X .

From (H1) and Definition 2.7 the maps p j,i and q j are measurable with respect to the variable υ .
In the view of the Definition 2.6, we conclude that the maps

υ → T1(x,y)(t,υ) and ϑ → T2(x,y)(t,υ)

are measurable. As a result, the operator T is a random operator on X×X×Ω into X×X .

Next, we prove that the operator T is contractive.
For all υ ∈Ω, (x,y),(x,y) ∈ X×X , and t ∈ J, we have

∥∥(T1(x,y)
)
(t,υ)−

(
T1(x,y)

)
(t,υ)

∥∥
= Iα1;ψ∥∥q1(s,xs(υ),ys(υ),υ)−q1(s,xs(υ),ys(υ),υ)

∥∥(t)
+

m

∑
i=1

Iγ1,i+α1;ψ∥∥p1,i(s,xs(υ),ys(υ),υ)− p1,i(s,xs(υ),ys(υ),υ)
∥∥(t)

+
Ψa(t)
Ψa(T )

( m

∑
i=1

Iγ1,i+α1;ψ∥∥p1,i(s,xs(υ),ys(υ),υ)− p1,i(s,xs(υ),ys(υ),υ)
∥∥(T )

+ Iα1;ψ∥∥q1(s,xs(υ),ys(υ),υ)−q1(s,xs(υ),ys(υ),υ)
∥∥(T ))

≤ 2
(

Ψ
α1
a (T )

Γ(α1 +1)
K ∗

1 (υ)+
Ψ

γ1,i+α1
a (T )

Γ(γ1,i +α1 +1)
M ∗

1 (υ)

)
‖x(·,υ)− x(·,υ)‖X

+2
(

Ψ
α1
a (T )

Γ(α1 +1)
L ∗

1 (υ)+
Ψ

γ1,i+α1
a (T )

Γ(γ1,i +α1 +1)
N ∗

1 (υ)

)
‖y(·,υ)− y(·,υ)‖X

Therefore, for each t ∈ J, and υ ∈Ω,∥∥(T1(x,y)
)
(·,υ)−

(
T1(x,y)

)
(·,υ)

∥∥
X

≤ 2
(

Ψ
α1
a (T )

Γ(α1 +1)
K ∗

1 (υ)+
Ψ

γ1,i+α1
a (T )

Γ(γ1,i +α1 +1)
M ∗

1 (υ)

)
‖x(·,υ)− x(·,υ)‖X

+2
(

Ψ
α1
a (T )

Γ(α1 +1)
L ∗

1 (υ)+
Ψ

γ1,i+α1
a (T )

Γ(γ1,i +α1 +1)
N ∗

1 (υ)

)
‖y(·,υ)− y(·,υ)‖X

In a similar way, we can find that
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∥∥(T2(x,y)
)
(·,υ)−

(
T2(x,y)

)
(·,υ)

∥∥
X

≤ 2
(

Ψ
α2
a (T )

Γ(α2 +1)
K ∗

2 (υ)+
Ψ

γ2,i+α2
a (T )

Γ(γ2,i +α2 +1)
M ∗

2 (υ)

)
‖x(·,υ)− x(·,υ)‖X

+2
(

Ψ
α2
a (T )

Γ(α2 +1)
L ∗

2 (υ)+
Ψ

γ2,i+α2
a (T )

Γ(γ2,i +α2 +1)
N ∗

2 (υ)

)
‖y(·,υ)− y(·,υ)‖X

Thus,

d
((

T (x,y)
)
(·,υ),

(
T (x,y)

)
(·,υ)

)
≤M(υ)d

((
x(·,υ),y(·,υ)

)
,
(
x(·,υ),y(·,υ)

))
where

d
((

x(·,υ),x(·,υ)
)
,
(
y(·,υ),y(·,υ)

))
=

 ‖x(·,υ)− x(·,υ)‖X

‖y(·,υ)− y(·,υ)‖X


As for every υ ∈ Ω, the matrix M(υ) converges to zero, this implies that the operator T is

a M(υ)−contractive operator. Consequently, by theorem 2.13, we conclude that Q has a unique
fixed point, which is a random solution of systems (1)-(2). This completes the proof.

3.2. Existence of solutions

In the next result, we prove the existence of solution for the system (1)-(2) by applying a
random version of a Krasnoselskii-type fixed point theorem.

Theorem 3.3 Assume that (H1)-(H2) and the following hypotheses holds.

(H4) there exist measurable functions ϕ j,χ j,ω j,λ j,i,ρ j,i,µ j,i : J→ (0,X); i = 1,2 and i = 1, ·,m
such that :

‖q j(t,x,y,υ)‖ ≤ ϕ j(t,υ)+χ j(t,υ)‖x‖[−r,l]+ω j(t,υ)‖y‖[−r,l],

‖p j,i(t,x,y,υ)‖ ≤ λ j,i(t,υ)+ρ j,i(t,υ)‖x‖[−r,l]+µ j,i(t,υ)‖y‖[−r,l],

for a.e.t ∈ J, and each x,y ∈ Rm.

(H5) M̃(υ) ∈Mn×n(Rn) is random variable matrix, such that for every υ ∈Ω, the matrix

M̃(υ) =


Ψ

α1
a (T )

Γ(α1 +1)
K ∗

1 (υ)
Ψ

α1
a (T )

Γ(α1 +1)
L ∗

1 (υ)

Ψ
α2
a (T )

Γ(α2 +1)
K ∗

2 (υ)
Ψ

α2
a (T )

Γ(α2 +1)
L ∗

2 (υ)

 .

converges to zero.
Then the coupled system (1)-(2) has at least a random solution.

Proof.
Let us subdivide the operator T into two operators A,B : X×X×Ω→ X×X as follows :

(
(T (x,y)

)
(t,υ) =

(
A(x,y)

)
(t,υ)+

(
B(x,y)

)
(t,υ) (x,y) ∈ X×X ,(t,υ) ∈ J×Ω
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where (
A(x,y)

)
(t,υ) =

((
A1(x,y)

)
(t,υ),

(
A2(x,y)

)
(t,υ)

)
and (

B(x,y)
)
(t,υ) =

((
B1(x,y)

)
(t,υ),

(
B2(x,y)

)
(t,υ)

)
with

(
A j(x,y)

)
(t,υ) =

1
Γ(α j)



η j(t,υ), if t ∈ [a− r,a],

Iα j ;ψ q j(t,xt(υ),yt(υ),υ)− Ψa(t)
Ψa(T )

Iα j ;ψ q j(T,xT (υ),yT (υ),υ)

)
, if t ∈ J,

ξ j(t,υ), if t ∈ [T,T + l].

(8)

and(
B j(x,y)

)
(t,υ) =

1
Γ(α j)



0, if t ∈ [a− r,a],

Ψa(t)
Ψa(T )

m

∑
i=1

Iγ j,i+α j ;ψ p j,i(T,xT (υ),yT (υ),υ)−
m

∑
i=1

Iγ j,i+α j ;ψ p j,i(t,xt(υ),yt(υ),υ), if t ∈ J,

0, if t ∈ [T,T + l].
(9)

We need to prove that the operators A and B satisfies all conditions of the Theorem 2.14.
The proof is divided into several steps.
step 1. A is M̃(υ)−contraction operator :

As in the previous proof of Theorem 3.3, we can obtain
For all υ ∈Ω, (x,y),(x,y) ∈ X×X , and t ∈ J

∥∥∥(A1(u,v)
)
(·,ϑ)−

(
A1(u,v)

)
(·,ϑ)

∥∥∥
X

≤ 2
Ψ

α1
a (T )

Γ(α1 +1)
K ∗

1 (υ)‖x(·,υ)− x(·,υ)‖X +2
Ψ

α1
a (T )

Γ(α1 +1)
L ∗

1 (υ)‖y(·,υ)− y(·,υ)‖X

And

∥∥∥(A2(u,v)(·,ϑ)
)
−
(
A2(u,v)

)
(·,ϑ)

∥∥∥
X

≤ 2
Ψ

α2
a (T )

Γ(α2 +1)
K ∗

2 (υ)‖x(·,υ)− x(·,υ)‖X +2
Ψ

α2
a (T )

Γ(α2 +1)
L ∗

2 (υ)‖y(·,υ)− y(·,υ)‖X

Thus

d
((

A(x,y)
)
(·,υ),

(
A(x,y)

)
(·,υ)

)
≤ M̃(ϑ)d

((
x(·,υ),y(·,υ)

)
,
(
x(·,υ),y(·,υ)

))
.

The Matrix M̃(υ) converges to zero, then the operator A is a M̃(υ)-contractive operator.

For the following steps, we show that B is completely continuous.
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step 2. B(·, ·,υ) is continuous operator :
Let (xn,yn) be a sequence such that

(xn,yn)→ (x,y) ∈ X×X as n→ ∞

then, for each υ ∈Ω, t ∈ J and for j = 1,2, we have

∥∥∥(B j(xn,yn)
)
(t,υ)−

(
B j(x,y)

)
(t,υ)

∥∥∥
≤
(

2
Ψ

γ j+α j
a (T )

Γ(γ j +α j +1)
M ∗

j (υ)‖x(·,υ)− xn(·,υ)‖X

+2
Ψ

γ j+α j
a (T )

Γ(γ j +α j +1)
N ∗

j (υ)‖y(·,υ)− yn(·,υ)‖X

)
→ 0 as n→ ∞

Hence, B(·, ·)(t,υ) is continuous
step 3. B(·, ·,υ) maps bounded sets into bounded sets in E×F .

First, we set

ϕ
∗
j (υ) = ‖ϕ j(·,υ)‖[a,T ],χ∗j (υ) = ‖χ j(·,υ)‖[a,T ],ω∗j (υ) = ‖ω j(·,υ)‖[a,T ]

,

λ
∗
j (υ) =

m

∑
i=1
‖λ j,i(·,υ)‖[a,T ],ρ∗j (υ) =

m

∑
i=1
‖ρ j,i(·,υ)‖[a,T ],µ∗j (υ) =

m

∑
i=1
‖µ j,i(·,υ)‖[a,T ]

Indeed, it is enough to show that for any r > 0 there exists a positive constant R such that

‖(B(x,y)))(·,υ)‖X×X ≤ R = (R1,R2)

for each (x,y) ∈ Br = {(x,y) ∈ X ×X : ‖x‖X ≤ r,‖y‖X ≤ r}, for all t ∈ J and for j = 1,2,
we get

‖
(
B j(x,y)

)
(t,υ)‖

≤
m

∑
i=1

Iγ j,i+α j ;ψ
∥∥p j,i(s,xs(υ),ys(υ),υ)

∥∥(t)+ m

∑
i=1

Iγ j,i+α j ;ψ
∥∥p j,i(s,xs(υ),ys(υ),υ)

∥∥(t)
≤ 2

Ψ
γ j,i+α j
a (T )

Γ(γ j,i +α j +1)

(
λ
∗
j (υ)+ρ

∗
j (υ)‖x(·,υ)‖X +µ

∗
j (υ)‖y(·,υ)‖X

)
≤ 2

Ψ
γ j,i+α j
a (T )

Γ(γ j,i +α j +1)

(
λ
∗
j (υ)+ r

(
ρ
∗
j (υ)+µ

∗
j (υ)

))
= R j

Hence

∥∥∥(B(x,y))(·,υ)∥∥∥
X×X

=
∥∥∥((B1(x,y)

)
(·,υ),

(
B2(x,y)

)
(·,υ)

)∥∥∥
X×X
≤ (R1,R2) = R.

step 4. B(·, ·,υ) maps bounded sets into equicontinuous sets of X×X .
Let Br be a bounded set of X ×X as in step.2, let t1, t2 ∈ J, where t1 > t2, and any (x,y) ∈ Br,
υ ∈Ω and for j = 1,2, we have
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∥∥∥∥(B j(x,y)
)
(t1,υ)−

(
B j(x,y)

)
(t2,υ)

∥∥∥∥
≤
∥∥∥∥Ψa(t1)−Ψa(t2)

Ψa(T )

∥∥∥∥ m

∑
i=1

Iγ j,i+α j ;ψ
∥∥p j,i(s,xs(υ),ys(υ),υ)

∥∥(T )
+

m

∑
i=1

∫ t1

t2

ψ ′(s)
(
ψ(t1)−ψ(s)

)γ j,i+α j−1

Γ(γ j,i +α j)

∥∥∥p j,i(s,xs(υ),ys(υ),υ)
∥∥∥ds

+
m

∑
i=1

∫ t2

a

ψ ′(s)
((

ψ(t1)−ψ(s)
)γ j,i+α j−1−

(
ψ(t2)−ψ(s)

)γ j,i+α j−1
)

Γ(γ j,i +α j)

∥∥∥p j,i(s,xs(υ),ys(υ),υ)
∥∥∥ds

≤

(∥∥∥∥Ψa(t1)−Ψa(t2)
Ψa(T )

∥∥∥∥ Ψ
γ j,i+α j
a (T )

Γ(γ j,i +α j +1)
+

(
ψ(t1)−ψ(t2)

)γ j,i+α j

Γ(γ j,i +α j +1)

+

∥∥∥∥
(
ψ(t1)−ψ(a)

)γ j,i+α j

Γ(γ j,i +α j +1)
−
(
ψ(t2)−ψ(a)

)γ j,i+α j

Γ(γ j,i +α j +1)

∥∥∥∥
)(

λ
∗
j (υ)+ r

(
ρ
∗
j (υ)+µ

∗
j (υ)

))
→ 0 as t2→ t1,

Thus the operators B1 and B2 are equicontinuous, and then B is also equicontinuous. Hence
by the Ascoli-Arzila theorem, we deduce that B is compact. Therefore we conclude that B is
completely continuous. Now, it remains to show that the set

Λ(υ) =
{
(x,y) : Ω→ X ∈ X is measurable |ζ (υ)A(x,y)+ζ (υ)B

( x
ζ (υ)

,
y

ζ (υ)
,υ
)
= (x,y)

}
is bounded for some measurable mapping ζ : Ω→ R with 0 < ζ (υ) < 1 on Ω, let (x,y) ∈ Λ.
Then

∥∥x(t,υ)
∥∥

X ≤ 2
Ψ

α1
a (T )

Γ(α1 +1)
ϕ
∗
1 (υ)+2

Ψ
γ1+α1
a (T )

Γ(γ1 +α1 +1)
λ
∗
1 (υ)

+2
(

Ψ
α1
a (T )

Γ(α1 +1)
χ
∗
1 (υ)+

Ψ
γ1+α1
a (T )

Γ(γ1 +α1 +1)
ρ
∗
1 (υ)

)
‖x(·,υ)‖X

+2
(

Ψ
α1
a (T )

Γ(α1 +1)
ω
∗
1 (υ)+

Ψ
γ1+α1
a (T )

Γ(γ1 +α1 +1)
µ
∗
1 (υ)

)
‖y(·,υ)‖X

and

∥∥y(t,υ)
∥∥

X ≤ 2
Ψ

α2
a (T )

Γ(α2 +1)
ϕ
∗
2 (υ)+2

Ψ
γ2+α2
a (T )

Γ(γ2 +α2 +1)
λ
∗
2 (υ)

+2
(

Ψ
α2
a (T )

Γ(α2 +1)
χ
∗
2 (υ)+

Ψ
γ2+α2
a (T )

Γ(γ2 +α2 +1)
ρ
∗
2 (υ)

)
‖x(·,υ)‖X

+2
(

Ψ
α2
a (T )

Γ(α2 +1)
ω
∗
2 (υ)+

Ψ
γ2+α2
a (T )

Γ(γ2 +α2 +1)
µ
∗
2 (υ)

)
‖y(·,υ)‖X

by summing up the above inequalities together, we get
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∥∥x(t,υ)
∥∥

X +
∥∥y(t,υ)

∥∥
X

≤ 2
2

∑
k=1

(
Ψ

αk
a (T )

Γ(αk +1)
ϕ
∗
k (υ)+

Ψ
γk+αk
a (T )

Γ(γk +αk +1)
λ
∗
k (υ)

)

+2
2

∑
k=1

(
Ψ

αk
a (T )

Γ(αk +1)
χ
∗
k (υ)+

Ψ
γk+αk
a (T )

Γ(γk +αk +1)
ρ
∗
k (υ)

)
‖x(·,υ)‖X

+2
2

∑
k=1

(
Ψ

αk
a (T )

Γ(αk +1)
ω
∗
1 (υ)+

Ψ
γk+αk
a (T )

Γ(γk +αk +1)
µ
∗
k (υ)

)
‖y(·,υ)‖X

Thus,

‖x(·,υ)‖∞ +‖y(.,υ)‖ ≤ C(υ)

1−S(υ)
.

where

C(υ) = 2
2

∑
k=1

(
Ψ

αk
a (T )

Γ(αk +1)
ϕ
∗
k (υ)+

Ψ
γk+αk
a (T )

Γ(γk +αk +1)
λ
∗
k (υ)

)
,

S(υ) = 2max

{( 2

∑
k=1

(
Ψ

αk
a (T )

Γ(αk +1)
χ
∗
k (υ)+

Ψ
γk+αk
a (T )

Γ(γk +αk +1)
ρ
∗
k (υ)

)

,
2

∑
k=1

(
Ψ

αk
a (T )

Γ(αk +1)
ω
∗
1 (υ)+

Ψ
γk+αk
a (T )

Γ(γk +αk +1)
µ
∗
k (υ)

)}
6= 1.

This shows that set Λ(υ) is bounded, consequently of steps (1-3) and theorem 2.13, we conclude
the operator T has at least one random fixed point, which is a solution of the system (1)-(2).

4. AN EXAMPLE
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