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ABSTRACT

This paper aims to investigate a random coupled system with multiple fractional derivatives of
y—Caputo with retarded and advanced arguments, and proves the uniqueness of random solution
by applying random versions of the Pervo fixed point theorem, while the existence of solutions
is derived by a random version of a Krasnoselskii-type fixed point theorem. Obtained results are
supported by examples and illustrated in the last section

Keywords :y— fractional derivative, random coupled system, generalized Banach spaces,
retarded arguments, advanced arguments.
Mathematics Subject Classification : 26A33; 45D05.

1. INTRODUCTION

In this paper, we investigate the existence and uniqueness of the following nonlinear random
coupled system of y-Caputo fractional integro-differential equations

DUNVx(t,0) + XL 1MV p (e, (v),)'(0),0) = g1 (,% ()5 (v), V)

teJ,v e Q.
CDazill/y(Lv) +Z:n:1 Iyzj;pr,i(tvxt(v)vyl(v)?D) = qz(t,x’(v),yf(v),v)
(D
(X(l,'l)),y(l,v)) = (nl(lvv)7n2(tvv))> re [a_naLr > O,U cQ
VEQ, (2

(x(t,0),y(t,0)) = (& (1,v),&(,v)), t€[T,T+1],l>0,0EQ

where J = [a,T], D%V denotes the y-Caputo fractional derivative of order 1 < ot; < 2, I":3¥
is the y-Riemann-Liouville fractional integral of orders ¥; ; > 0, (€, 47) is measurable space,
Pirgij - < C([-n1],R") x C([-n1],R") x Q — R™ are given functions,n; € C([a —r,a],R")
with nj(a,v) =0and & € C([T, T +1],R") with {(T,v) =0; j=1,2,i=1---m.

2. PRELIMINARIES

In this section, we introduce some preliminaries and lemmas that will be used throughout
this paper and we will prove an auxiliary lemma, which plays a key role in defining a fixed point
problem associated with the given problem. By C([—r,1],R") we denote the Banach space of all
continuous functions from [—#,{] into R” provided with the norm
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¥l = sup{lx(@)[| : =r <7 < 1}.
and C([a,T],R") is Banach space equipped with norm

[¥la,r = sup{[lx(1)[| :a <2 <T}.

AC(J,R") is the space of absolutely continuous functions on J, and we denote by AC' (J,R") the
space of functions x(¢) which have continuous derivatives on J :

AC'(J,RM) = {|x = R": X € AC' (J,R™)}.
where 4
"(t)=t—g(t), telJ.
H(t)=1-g(0), 1€

we denote the space X by
X={x:la=nT+I] = R":x|4_p.q € C(la—r,a]),xjq,r) EAC([a,T]) and x| ;7. 7y € C([T, T +1])}
where the aforementioned space are supplemented with the following norms

¥llara) = sup{lx(0)]| :a—r <1 < a},

Xl = sup{lx(@)I| : T <t <T+1},

xllx = sup{[lx(®)[| :a—r <t <T+1}.
The product space X x X is provided with the norm

[1Ges ) e == [lxllx + [lyllx-

Definition 2.1 /3] Let o > 0 and an increasing function v : J — R satisfy y'(t) # 0 forallt € J.
The y-Riemann—Liouville fractional integral of a function x : [a,T] — R is defined by

1%Vx(r) = ﬁ /ut V() (W) — w(s)%(s)ds, O<a<s<t.

Definition 2.2 (3] The y-Caputo fractional derivative of order o. > 0 for a function x € C"[0, o)
is defined by

DAV x(r) = ﬁ ./at v (s)(y(t) — W(s))”’a’lD’fo(s)ds, O<a<s<t.

where n = [p]+ 1 and D}, = L)'

- Vo) de )

Lemma 2.3 [3|] Let p > 0. The following holds
— Ifxe C(J,R), then

DEVI®VYx(t)=x(t), tel,
— IfxeC"(J,R), n—1< p <n, then
n—1
19VeD*Vx(t) = x(t) — Y. cpPh(r), 1€
k=0

DX x(0)

where, WH(r) = (w(r) = y(0))¥, Wo(t) = (w(r) — ¥(0)) and o = =2

ICMA2021-2



Proc. of the Int. Conference on Mathematics and Applications, Dec 7-8 2021, Blida

Lemma 2.4 Let 1 < a < 2. For any functions F,P; € C(J,R), n € C([a—r,a],R) withn(a) =
and & € C([T, T +1],R) with &(T) = 0. Then the following linear problem

cDa;th)-i-t I"WP(t)=0(@), tel,

i=1
u(t) =n(r), te[a—r,a],r>07 ©)
ut) =E&(1), te [T, T+1],1>0.

has a unique solution, which is given by
n(), ift€la—radl,

| 1Y (1)~ Y. IV )
x(1) = =— ! )

(o) +;Il'a((T)) <Zﬂ+a2‘I’Pl.(T) 710‘;V’Q(T)), ifreJ,

i=1

&), ifrelT,T+1].

Proof. Applying they-Riemann-Liouville fractional integral of order « to both side of the equa-
tion in (3), and using Lemma[23] we get

x(t) =1%¥Q(r) Zﬂ*"‘ YP() +co+c1Walt);  coc1 €R (5)
i=1

Using the fact that x(a) = 11(a) =0, x(T) = &(T) =0, and from (3}, we find

x(a)=cp=0
and
x(T) =1V Q(T Zﬂw VPR(T)+c1Wa(t) =

i=1

Some simple computations give us

Wu(T)

Inserting co and ¢ in eqution (3)), which leads to solution ().
]
Let .o/ and % be two o-algebra of Borel subsets of R”.

=gy (LR - 1=vo)
i=1

Definition 2.5 Let (R™,.o7) and (R™, 2B) be two measurable spaces. A mapping F : (R, o/ ) —
(R™, B) is said to be measurable if the G-algebra of Borel F~'(B) C o i.e.

Fl'A)cw forall AC A.

Definition 2.6 [8] A function g : Q x R™ — R™ is called jointly measurable if g(-,y) is measu-
rable for all y € R™ and g(z,-) is continuous for all z € Q.

Definition 2.7 [I8] A function g : J x Q x R™ — R™ is Carathéodory if the following conditions
are satisfied :
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(i) (t,y) — g(t,y,2) is jointly measurable for any z € R™ and
(ii) z— g(t,y,2) is continuous for any t € J and y € Q.

Definition 2.8 [6|] A mapping Q : Q XY — Y is Said to be a random operator if, for any y € Y,
0O(.,y) is measurable.

Definition 2.9 [\8] A random fixed point of a random operator Q is a measurable function g :
Q — Y such that

g(y) =00,8(»), forally € Q.

Let y,z € R" with y = (y1,---,ys) and z = (21, ,2n), by y < z we mean y; < z; for all
i=1,---,n. Also we set |y| = ([y1],--,|ynl), max(y,z) = (max(y1,21), -+ ,max(y,z,)) and
R ={yeR":y;>0,Vi,1 <i<n}.IfceR,theny<cmeansy; <cforeachi=1,---,n.

Definition 2.10 /8] Let Y be a nonempty set. By a vector-valued metric on Y, we mean a map
d:Y XY — R" satisfying
(i) d(y,z) >O0forally,z€Y ifd(y,z) =0, theny =1z,

(it) d(y,z) =d(z,y) forally,z €Y ;

(iii) d(y,z) <d(y,w)+d(w,z) forall y,z,w €Y.

We call the pair (Y,d) a generalized metric space with

di(y,2)

dn(y,2)

Notice that d is a generalized metric space on Y if and only if d;; i =1, ..., n, are metricson Y.

forr=(ry,...,rm) € R, we let

B(yo,r) ={y €Y :d(yo,y) <r},
denote the open ball centered at y, with radius r, and

B(yo,r) ={y €Y :d(yo,y) <r}.
be the closed ball centered at yg with radius . We mention that for a generalized set metric
space the notions of the open set, closed set, convergence, Cauchy sequence and completeness
are similar to those in the usual metric space.

Definition 2.11 /9] A matrix M = (a;;)1<i,j<n € Mpxn(R) is said to be convergent to zero if
and only if its spectral radius p(A) is strictly less then one. In other words this means that all the
eigenvalues of A are in the open unit disc, i.e., |A| < 1; for every A € C with det(A—AI) =0;
where I denotes the unit matrix of Myx,(R).
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Definition 2.12 6] Let (Y,d) be a generalized metric space. An operator Q : X — X is said to
be contractive if there exist a matrix M convergent to zero such that

d(0(y),0(z)) < Md(y,z) forally,z €Y.

Theorem 2.13 [8)] Let (Q, %) be a measurable space, let Y be a real separable generalized
Banach space and let Q : QXY — Y be a continuous random operator. Let M(¥) € Myxn(R4)
be a random variable matrix such that for every ¥ € Q the matrix M(%) converges to 0 and

d(Q(0,y1),0(8,y2)) < M(D)d(y1,y2)

foreachy;,y €Y, ¥ € Q.
Then there exists a random variable y : Q — Y which is the unique random fixed point of Q.

Lemma 2.14 /8]
Let Y be a separable generalized Banach space Y. Suppose that A,B: QXY — Y are random
operators such that :

1. A is a continuous random and M(%)-contraction operator,
2. B is a completely continuous random operator,

3. the matrix I — M has the absolute value property. if

A= {y : Q=Y is measurable |(D)A(y, 19)+C(19)B(ﬁ,19) :y}

is bounded for all measurable mappings § : Q — R with 0 < {(¥) < 1 on Q, then the random
equation
y=A»)+B(yv), yev,

has at least one solution.
3. MAIN RESULTS
Lemma 3.1 For given functions p;;,q; € C(J,R"), j=1,2andi=1,--- ,m. A functions x,y €

C? is a random solution of systems (@-@) if and only if x,y satisfies the following random
coupled system integral equations

x(t,0) =
nj(tvv)7 ifte[airvaL
1%Yg;(t,% (v),y' (v) v)—im#a;v (6, (0),) (v),0)+ (1)
1 q;j\l, Y ) & Pji\l, Y s lPu(T)
M) | ( ¥ I (T T (1) 57 (0),0) —1°<f;*”q,»<r,xT<v>,yT<v>,v)), ifred,
i=1
§i(t,v), ifte(T,T+I].

(6)
Let X be the Banach space of continuous real-valued functions defined on J

X = {x(t,v) : x(t,v) € C(J,RM)},
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endowed with the norm
(-, 0)||x = sup [|x(z,v)|
ted

To define a fixed point problem equivalent to the system (I)-[@), we introduce the operator

T:IxXxXxQ—=>XxX
defined by

(Th(x,3)) (t,0)

(T(x.y))(t,0) =
(B2(x,3)) (1, 0)

where

(Tj(x7y))(tvv) =

n;(t,v), ift€la—rad,

1 1%°Yq;(t,x (v),y' (V),0) — iI”f-"*af;"’l?j,i(t,x’(U)’yl(”)’v) + ;la((;))
i=1 ’
o) . (Zﬂff”‘f””p,,i(TJT(U)JT(“)?”) —Ia,;ij(T,xT(vLyT(v%v)), ifrel,
i=1

Ei(t,v), ifre(T,T+I].
(7

3.1. Uniqueness of solutions

The first result is concerned with the uniqueness of random solution for the system (I)-(2)
and is based on random versions of the Pervo fixed point theorem.

Theorem 3.2 We assume that the following hypotheses holds
(HI) The functions p;; and q; are Carathéodory; j=1,2andi=1,-,m.
(H2) There exist measurable functions Jj, L, M, Nji: Q — (0,00);j = 1,2 and i =

1,-,m such that :

llj (2,5, 0) = (2, %5, 0) | < H(t,0) e =Xl -y + L (1, V)Y = Fll )

and

[Pji(t:%,y,0) = pji(t, %3, 0) | < Ai(t,0) |2 =X =gy + A5t 0y =Tl =rp)»

fora.et € J, and each x,y, %,y € C([—n1]).
(H3) M(v) € My« (R4 is random variable matrix, such that for every v € Q, the matrix

Coy 27" (V) + Cppadl{ (V) Co L7 (V) + Cpppqy A7 (V)
M(v)=2
Co, 5" (V) +Cppan 5 (V) Coy L5 (V) 4+ Cppan N5 (V)

Ya(T) e (T)

converges to zero. with Co; = W,Cajﬂlj = W

;s j=1,2,and
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A (0) = 1250 0) a1, ZF (V) = 15 0) ja, 754, ZH///, )lfa,7)

m

A7) = Y A0l 7y 15 = sup{yjiri=1,--m,}

i=1

Then the coupled system (I)-@2) has a unique random solution.

Proof.
First, we need to show that the operator 7 is a random operator on X x X.

From (H1) and Definition[2.7|the maps p;; and ¢; are measurable with respect to the variable v.
In the view of the Definition we conclude that the maps

v = T1(x,y)(1,0) and 8 = Ta(x,y)(1,0)
are measurable. As a result, the operator 7' is a random operator on X x X x Q into X x X.

Next, we prove that the operator T is contractive.
Forall v € Q, (x,y),(X,y) € X x X, and r € J, we have

H(Tl(xvy))(tv ) ( X
*(v

:[al;Wqu(&x ( )

7)) (6, 0)]
),0) =157 (0,7 (0),0)]| ()

Y Py 5,0 (0),0°(0),0) ~ (5, (0).5°(0), )] 1)

i=1

g ( fﬂwl:‘V(ypl,i(s,x%v),yf(v),v) Pl P (0).5°(0),)(7)

i=1

1Y g (5, (0,5 (0), V) — 1 (5, (0,7 (0), V)| (T )

W (T) ()
< _A NS gk e NI oHF . — (-
<2 i )+ e (v)) () (. v)
W (T) . W) .
w2 e )+ o it (0)) o) =300
Therefore, for eacht € J, and v € Q,

(71 o) (o) = (T ) G v)ly

y
0%} N.itoy
<2 o A )+ s ) w) = )

@ Yiton
(e O )+ ) ) - v

I'(ay +1)

In a similar way, we can find that
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[(Z2(x,9) (- 0) = (B(5.9) ()

we(r) |, PRty ) )

<2 g 11175 V% v 16 ) )0l
WET) Wty i

z(m% O fpramrn” (v)) Iy, 0) =3¢, v)llx

[lx(-,v) =x(-, 0)Ix
d((x(.7u)7x(‘,v))7(y('vv)i(vv))) = ” ( ‘U) 7( U)H
i, AN X

As for every v € Q, the matrix M(v) converges to zero, this implies that the operator T is
a M(v)—contractive operator. Consequently, by theorem we conclude that Q has a unique
fixed point, which is a random solution of systems (I)-(2). This completes the proof.

]

3.2. Existence of solutions

In the next result, we prove the existence of solution for the system (I)-(Z) by applying a
random version of a Krasnoselskii-type fixed point theorem.

Theorem 3.3 Assume that (HI)-(H2) and the following hypotheses holds.

(H4) there exist measurable functions @;, X, ®;,Aji,pjiMji:J — (0,X)ii=1,2andi=1,-,m
such that :
llg;(t,x,y, ) < @;(t,v) +x;t, v) [l + @ (t, V) IVl 1),

1Pji(t,2,3,0)[ < Aji(r,0) +pji(t, V)Xl -y + 1 (8, O I s
fora.e.t € J, and each x,y € R™.
(H5) ]l71(v) € Myxn(Ry) is random variable matrix, such that for every v € Q, the matrix

= Flf;:(fi)%*(v) rlf;;(fi)’g‘*(v)
MO e e,
DT T

converges to zero.
Then the coupled system (I)-@) has at least a random solution.

Proof.
Let us subdivide the operator T' into two operators A,B : X X X x Q — X x X as follows :

((T(x,y))(t,v) = (A(x,y))(t,v) + (B(x,y))(t,v) (x,y) eX xX,(t,v) €JxQ
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where

(AGx2) (10) = (41 (5.9)) (1, 0), (A2(x.9)) (1,0) )
and

(B (1,0) = ((B1(x,9) (1,0), (Ba(,9)) (1,0) )
with

(Aj(xvy))(t7v) =

n(t,v), ifte€la—ra,

! IR ' R 210) oy, (T T T . (3
a) 1%¥q;(z,x'(v),' (v),v) ‘Pa(T)I qj(T,x" (v),y" (v),v) ), ifreJ,
Eit,v), ifrell,T+1].
and
(Bj(x,y)(1,0) =
0, iftefa—rad,
1 lPa(t) iﬁ/j'[+m;iji(T,XT(’U),yT(U)ﬂ)) _ iln‘l+aj;iji(f,xt(v),yt(’l)),l))7 ift cJ,
I'(e) Ya(T) 5 ’ i=1 ’
0, ifrell,T+I].
(&)

We need to prove that the operators A and B satisfies all conditions of the Theorem [2.14]
The proof is divided into several steps.
step 1. A is M(v)—contraction operator :

As in the previous proof of Theorem[3.3] we can obtain

Forall v € Q, (x,y),(¥,y) € X xX,andtr €J

| (A1) (. 9) = (41 @) (0|

X
<2 o O ) =)+ 20 2 W) -5
And
[ (o). 9) = (aa@m) (00
¥ (1) . - wR(T) . ~
<2y 1y IR 0) =0l + 27 T B ()l 0) =3 vl
Thus

d((A2)(0), (AED) () <M ( (3(,0),3(,0), (7(,0) 5, v) ).
The Matrix M(v) converges to zero, then the operator A is a M(v)-contractive operator.

For the following steps, we show that B is completely continuous.
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step 2. B(-,-,V) is continuous operator :
Let (x,,yn) be a sequence such that
(xn7Yn)_>(x7)’)€X><X asn —eo

then, for each v € Q,r € J and for j = 1,2, we have

| B on3m) (1) = (B;x.9)) 0, 0) |

! ()
< (e ra piy v ol

Wt (T)
27 —0 — o0
#2p s A O ) <3l ) 50 asn

Hence, B(,-)(¢,v) is continuous
step 3. B(-,-,v) maps bounded sets into bounded sets in E X F.
First, we set

@ (0) = (19 V)l 27 (V) = 12 V)l 77, @5 (V) = [|@; (- V)| g7

m m
A7 (0) = Y 127 0) a7 pj (v Zl\p;z ) llja, 7, 15 (0 leujl )lfa,7]

i=1

Indeed, it is enough to show that for any r > 0 there exists a positive constant R such that

l(B(x,9)))(-,V)llxxx < R=(R1,R2)

for each (x,y) € B, ={(x,y) e X xX: |lx[lx <nl|yllx <r}, forallt € J and for j = 1,2,
we get

1(B(x,y)) (#, V)|

<§11%1+%W”p“ 52 IO +§1y”+a""||1’m 5,2 )|
1P7’/.i+aj(T) )
< W(x (v)+p}(v )HX(HU)HX+uj(v)Hy(-,v)|\x)
1P7/.:+OCJ(T) ) N
Jm(ﬂ )+r(pi v )+u,(v)>)fR,

Hence

(B 0]

X><X_H< B (x,5)) (-,v), (B2(x.3)) (- )Hx X < (R1,R2) =R.

step 4. B(-,-,v) maps bounded sets into equicontinuous sets of X x X.
Let B, be a bounded set of X x X as in step.2, let 71,7, € J, where t; > t5, and any (x,y) € By,
v € Qand for j = 1,2, we have
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H( »)(t1,0) = (Bj(x,)) (12, 0)
s\\% 5 ¥ st o) 010
1 Yiito—1

R e

m o W) (W) = w(s) P = (w(e) = yi(s) T
! ZT/ ( L(yi+aj) ) Hpj”'(s’xx(v)7ys(v)’U)Hds
: Hlya(tl)ily“(m wETT) () = y(n) T
B Wo(T) L(yji+oj+1) T(yi+a+1)

H w(n) — (@)™ (y() - w(@)™"
}',l+a]+1) L(yji+o;+1)

) <;L;(v)+r(p;(v)+u;(u))) S 0ash 1,

Thus the operators B and B, are equicontinuous, and then B is also equicontinuous. Hence
by the Ascoli-Arzila theorem, we deduce that B is compact. Therefore we conclude that B is
completely continuous. Now, it remains to show that the set

A(v) = {(x,y) : Q — X € X is measurable |C(U)A(x,y)+C(D)B(C(xU) , ﬁ,v) =(xy)}

is bounded for some measurable mapping § : Q — R with 0 < {(v) < 1 on Q, let (x,y) € A.
Then

(o1 +1) T(n +aq+1)
) N+oy
2<FT§1 O e Pi‘(v>) (-, v)llx
Wy

N+oy
2 e T i)+ o i (0)) bl

wa(r)
T gi(v) +2

(e, ) <2

Af(v)

and

\PZzﬁLaz(T)

G T(h+op+1)
0 Y+

#2 e (70 T oy 170 0l
0 Yo+

- 2<r<§2(ﬂ) 3 (v)+ F(\I;j - az(?l)ua*(v)) Iy 0)llx

el <2 i) +2 1)

by summing up the above inequalities together, we get
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(e, ) + [y, 0)][

2/ wa(T) prer)
=2 1(r( % (””r(nwﬁl)l"(”))

2 ‘P(axk (T) " \Ijzl’kvLOCk (T) .
2L (m%k (v)+ Tntotn (U)) [[x(-,v)1x

L) e
#23 (e o)+ Fp a0 I vl
Thus, )
0l 0 < S
where

2 (Ve Vet Ok
w=2% (re oo+ ot D).

=1 (Xk+1 F(yk+otk+1
_ 2 ([ WH(T) W)
S(v) 2max{(kz( Flog + 1) % (v)+F(yk+ak+1)p"(v)>
([ W(T) o IR (T)
g’( oy +1) @i (v)+ T+ og+ 1) ())}#l'

This shows that set A(v) is bounded, consequently of steps (1-3) and theorem|2.13| we conclude
the operator T has at least one random fixed point, which is a solution of the system (I)-2). m

4. AN EXAMPLE
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