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ABSTRACT
The present paper studies the m-points boundary value problem in a separable Banach space E
for the second order perturbed differential inclusion of the form

ü(t)+ γ u̇(t) ∈ F
(
t,u(t), u̇(t)

)
+H

(
t,u(t), u̇(t)

)
, a.e.on [0,1].

the existence of solutions is obtained under the assumption that F is an unbounded-valued mul-
tifunction and satisfies a pseudo-Lipschitz property and H is lower semi-continuous satisfying
H(t,x,y)⊂ Γ(t), where the multifunction Γ : [0,1]⇒ E is integrably bounded.

1. INTRODUCTION

Second order differential inclusions with bounded perturbations have been studied by seve-
ral authors. There are many excellent works on the two or three point boundary problems. See
for example [3, 4, 11, 13].
Existence of solutions for the second order differential inclusions associated to Lipschitzian mul-
tifunctions right-hand sides appeared in a series of works, we can cite [1, 5, 8].
Existence of solutions for the second order differential inclusion of the form ü(t)∈F

(
t,u(t), u̇(t)

)
with three-point boundary conditions, where F is a convex compact valued multifunction, Lebesgue-
measurable on [0.1], and upper semi-continuous on E×E, under the assumption that F(t,x,y)⊂
Γ(t) in the case where Γ is integrably bounded, has been studied in [3]. The same differential
inclusion where F is unbounded-valued and satisfies a Lipschitz property, has been studied in
[1] and pseudo-Lipschitz property, has been studied in [5].
Differential inclusion with sum of two perturbations of the form ü(t)∈F

(
t,u(t), u̇(t)

)
+H

(
t,u(t), u̇(t)

)
with three-point boundary conditions, has been studied in [4] where F is a convex compact va-
lued multifunction, Lebesgue-measurable on [0.1], and upper semi-continuous on E×E, H be
a multifunction with closed values, Lebesgue-measurable and lower semi-continuous on E×E,
under the assumption that F(t,x,y)⊂ Γ1(t), H(t,x,y)⊂ Γ2(t), in the case where Γ1,Γ2 are inte-
grably bounded.
The same differential inclusion with Γ1,Γ2 are uniformly Pettis integrable has been stadied in
[2].
The aim of our paper is to provide new existence results for problems of m-points conditions
associated with differential inclusions.
After the introduction, and the Preliminaries, in section 3, we present the existence of W2,1

E ([0,1])-
solution for differential inclusion of m-points boundary value (m > 3) with a positive coefficient
γ in a separable Banach space of the form

(PF,H)

ü(t)+ γ u̇(t) ∈ F
(
t,u(t), u̇(t)

)
+H

(
t,u(t), u̇(t)

)
, a.e. t ∈ [0,1]

u(0) = 0; u(1) =
m−2
∑

i=1
αiu(ηi),
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where F : [0,1]×E×E ⇒ E is a closed valued multifunction, measurable on [0,1]×E×E and
satisfies a pseudo-Lipschitz property, that is,

v ∈ F(t,x,y)⇒ d(v,F(t,x′,y′))≤ (k1(t)+β1 ‖ v ‖) ‖ x− x′ ‖+(k2(t)+β2 ‖ v ‖) ‖ y− y′ ‖ .

and H : [0,1]×E×E ⇒ E is another multifunction, with nonempty compact values, lower semi-
continuous on E × E and measurable on [0,1]× E × E, furthermore H(t,x,y) ⊂ Γ(t), for all
(t,x,y) ∈ [0.1]×E×E, where Γ is an integrably bounded multifunction, that is, the scalar func-
tion
t 7→| Γ(t) |:= sup{‖x‖,x ∈ Γ(t)} is Lebesgue-integrable on [0.1] .
The ideas of the proof of our main result are inspired from [5] and [4].
To study this problem, we need first to provide an appropriated Green function associated with
the data m and γ in order to establish the existence and uniqueness of a C2

E([0,1]) (resp. W2,1
E ([0,1]))

solution for the following ordinary differential equationü(t)+ γ u̇(t) = f (t) t ∈ [0,1]

u(0) = 0; u(1) =
m−2
∑

i=1
αiu(ηi),

where f belongs to CE([0,1]) (resp. L1
E([0,1])).

In particular, we show some topological properties of solutions set of the differential inclusion
with m-points boundary conditions of the formü(t)+ γ u̇(t) ∈ Γ(t) a.e. t ∈ [0,1]

u(0) = 0; u(1) =
m−2
∑

i=1
αiu(ηi),

2. MAIN RESULTS

We consider the following assumption.
(A) Let γ > 0, m > 3 be an integer number, 0 < η1 < η2 < ... < ηm−2 < 1
and αi ∈ R (i = 1,2, ...,m−2) satisfying the condition

m−2

∑
i=1

αi−1+ exp(−γ)−
m−2

∑
i=1

αi exp(−γηi) 6= 0.

Proposition 1 Let (A) holds and let f ∈ CE([0,1]) (resp. f ∈ L1
E([0,1]). Then the m-points

boundary problem ü(t)+ γ u̇(t) = f (t), t ∈ [0,1]

u(0) = 0; u(1) =
m−2
∑

i=1
αiu(ηi)

has a unique C2
E([0,1])-solution (resp. W2,1

E ([0,1])-solution) defined by

u f (t) =
∫ 1

0
G(t,s) f (s)ds, ∀t ∈ [0,1].

The following result is linked to some topological properties of solutions set of the differen-
tial inclusion with m-points boundary conditions in Banach spaces. It is the m-points boundary
version of the result given by Azzam, Castaing, Thibault [3].
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Theorem 2 Let the assumption (A) holds. Let E be a separable Banach space and let Γ : [0,1]⇒
E be a measurable and integrably bounded multifunction with convex compact values.
Then, the W2,1

E ([0,1])-solutions set XΓ of the differential inclusionü(t)+ γ u̇(t) ∈ Γ(t) a.e. t ∈ [0,1]

u(0) = 0; u(1) =
m−2
∑

i=1
αiu(ηi),

is convex compact in the Banach space C1
E([0,1]) endowed with the norm ‖ . ‖C1 .

Furthermore, XΓ is characterized by

XΓ = {u f : [0,1]→ E : u f (t) =
∫ 1

0
G(t,s) f (s)ds,∀t ∈ [0,1]; f ∈ S1

Γ}

where S1
Γ

is the set of all integrable selections of Γ.

S1
Γ = { f ∈ L1

E([0,1]), f (t) ∈ Γ(t), ∀t ∈ [0,1]}.

Now we are able to give and prove the existence of W2,1
E ([0,1])-solutions for the second

order differential inclusion (PF,H ).

Theorem 3 Let the assumption (A) holds. Let E be a separable Banach space and let F : [0,1]×
E×E ⇒ E be a nonempty closed valued multifunction. Let g ∈ L1

E([0,1]) and let ug : [0,1]→ E
be the mapping defined by

ug(t) =
∫ 1

0
G(t,s)g(s)ds, ∀t ∈ [0,1].

Assume that for a fixed ρ ∈]0,+∞] and for

Xρ = {(t,x,y) ∈ [0,1]×E×E : ‖x−ug(t)‖< ρ;‖y− u̇g(t)‖< ρ},

F is L ([0,1])
⊗

B(E)
⊗

B(E)-measurable on Xρ , and there are β1,β2 ≥ 0 and k1(.),k2(.) ∈
L1
R+

([0,1]), such that for every v ∈ F(t,x,y) one has

d(v,F(t,x′,y′))≤ (k1(t)+β1 ‖ v ‖) ‖ x− x′ ‖+(k2(t)+β2 ‖ v ‖) ‖ y− y′ ‖ . (1)

Furthermore, assume that the function t 7→ d
(
0,F(t,0,0)

)
is integrable.

Let H : [0,1]×E×E ⇒ E be another multifunction with nonempty compact values, lower semi-
continuous on E×E and L ([0,1])

⊗
B(E)

⊗
B(E)-measurable.

Assume that, there exists a convex ‖.‖-compact valued, and measurable multifunction Γ : [0,1]→
E which is integrably bounded, such that H(t,x,y)⊂ Γ(t) for all (t,x,y) ∈ [0,1]×E×E.
Then the differential inclusion (PF,H) has at least a solution u ∈W 2,1

E ([0,1]).

Corollary 4 Let the assumption (A) holds. Let E be a separable Banach space and let F :
[0,1]×E×E→ E be a nonempty closed valued multifunction such that
F is L ([0,1])

⊗
B(E)

⊗
B(E)-measurable, there are β1,β2 ≥ 0 and k1(.),k2(.) ∈ L1

R+
([0,1]),

such that for every v ∈ F(t,x,y) one has

d(v,F(t,x′,y′))≤ (k1(t)+β1 ‖ v ‖) ‖ x− x′ ‖+(k2(t)+β2 ‖ v ‖) ‖ y− y′ ‖;

and the function t 7→ d
(
0,F(t,0,0)

)
is integrable.

Let H : [0,1]×E×E ⇒ E be another multifunction with nonempty compact values, lower semi-
continuous on E×E and L ([0,1])

⊗
B(E)

⊗
B(E)-measurable.

Assume that, there exists a convex ‖.‖-compact valued, and measurable multifunction Γ : [0,1]→
E which is integrably bounded, such that H(t,x,y)⊂ Γ(t) for all (t,x,y) ∈ [0,1]×E×E.
Then the differential inclusion (PF,H) has at least a solution u ∈W 2,1

E ([0,1]).
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