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ABSTRACT

Let Q be a bounded domain in R” with n > 1. This work aims to provide the asymptotic behavior
of solutions of nonlocal elliptic problems associated with a sequence of measurable, bounded and
uniformly elliptic matrices on Q using the notion of H-convergence.
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1. INTRODUCTION

For a rael parameter € > 0 and a.e. x = (x],...,x,) € Q, let a®(x) = (afj(x))[j be an n x n
matrix functions satisfying for some positive constants 0 < A < A,

VEER" aexeQ: AEP<daf(x)E-E <AIEP, 1)

a®(x) is a symmetric matrix. (2)

Let Cq be a Poincaré constant for H(}(Q). Let f be a function defined on Q x R such that
x> f(x,1) is measurable for all r € R, £(.,0) € L2(Q), f(.,0) # 0 a.e. in Q and

Vi,s €R, ae.x€Q, |f(x,t)— f(x,5)| <b(x)|t —s|P 3)
with p € (0,1),b € LT (Q) and let M be a continuous function on (0, +oo) that satisfies
M) 2P e (0, 4e0), “

where f is a real number satisfying one of following assumptions :

1 1
B e (%,o)u(o,ﬂ with ¢ = 2; (5)
-1
Be <p7,0) with g € [1,2); ©)
2-q
1 Q- 5B
B:pTwithqe[l,Z] and lszCé\blgp <. 0

Let g: Q x R — R be a function such that x — g(x,#) is measurable for all 1 € R, ¢ — g(x,¢) is
continuous on R for a.e. x € Q, g(.,0) # 0 a.e. in Q and

Jhe LX(Q),Vt€R, ae.xeQ, |glx,1)| <h(x), (8)
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and let N be a function defined and continuous on (0, +oo) such that

N(t) >tV Yt €(0,+00), 9)
where 7 is a real number that satisfies one of the following cases
1 17 .
ye<f§,0>u<0,§] with ¢ = 2; (10)
ye(—é,o) with g € [1,2). an

We now consider the following weak formulations of nonlocal elliptic problems for the matrix
a®(x) ([6D),
Find uf € HJ (Q) such that :

(P§) M(|u£\g)/ga8(x)w€-vgdx=/Qf(x,us)gdx
V& € Hy(Q)

and
Find uf € H{ (Q) such that :

(P3) N(|u6|2)/;2a€(x)Vu€-V§ dx:/;zg(x,ue)édx

VE € H) (Q).

In [6], the author established the existence of a nontrivial solution for (Pf) and (P£) accor-
ding to the two bundles of hypotheses mentioned above by using an approximation method.

By the theory of homogenization (see [2]] and [5]]), the assumptions (1)-(2) imply that there
exists a subsequence, still denoted by €, and a matrix a° (x) satisfying (1)-(2) such that for every
f € H~1(Q), the sequence v¢ of the (unique) solutions of the Dirichlet boundary value problems

—div(@® (X)) =f in2'(Q
(EE){E (1() )=1 (©)
ve € Hy (Q)

satisfies
vE =10 weakly in HY(Q),
af(x)Vv€ = ()W weakly in L2(Q),
where W is the unique solution of the problem
o [ —div@ @)V =f in2'(Q)
(EN)S o .1

In this case, we will say that the sequence af of matrices H-converges to the matrix ¢, and we
will write a® —H 40,

Under assumptions that 2 : Q x R — R has a subcritical or critical growth with respect to

Sobolev imbedding, the authors in [1] studied the behavior, with respect to the H-convergence of
the elliptic matrices a® (x), of positive solutions of

—div(a® (x)Vu®) = h(x,u®), u®>0in Q, u®=0 on JQ
to a solution ug of

—div(@® (x)Vu®) = h(x,u®), u®>0in Q, u®=0on Q.
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In this work, we study the asymptotic behavior of solutions of nonlocal elliptic problems
(Pf) and (P{) as € — 0 under weak conditions on the diffusion coefficients M and N using the
notion of H-convergence.

2. MAIN RESULTS : ASYMPTOTIC BEHAVIOR OF SOLUTIONS OF (Pf) AND (P%)

Here our main results.

Theorem 1 Assume that (3) holds. If M and B satisfy (4) one of (5), (6), (7), respectively, there
exists a subsequence €, such that (ufk)keN converges weakly in HOl (Q) o a nontrivial function

”(1) solution of the problem :

Find u € H} (Q) such that :

(D) S M) [ Lol -vedr= [ fwad)é s
VE € H) (Q).

Theorem 2 Under assumptions (8) and that the function N and the real number 7y satisfy (9)

and one of (10) and (11), respectively, there exists a subsequence € a nontrivial function u)

solution of the problem :

Find ug € Hé (Q) such that :

0
(P2) N(\ugrq])/gao(x)Vug Vé&dx= /Qg(x,ug)édx
V& € Hy(Q)
such that (u5 )xen converges weakly in H(} (Q) ro ug.

Idea of the proof. First, under assumptions on M and f, we prove that (uf)¢~¢ is bounded in
Hd (Q) that there exists a constant ¢ independently of € such that

ve>0: |[uf| <c, (12)

then, form (12) and the compact immersion H} (Q) < L?(Q), we can extract a subsequence,
also noted &, and u{ € H}(Q) such that

uft — uf weakly in Hj (Q), (13)
uft — ul strongly in L*(Q), (14)
58— |uf)d strongly in R. (15)

Next, we consider as test functions the solutions vé& € H} (Q) of (E%), & > 0 and we assume
that v0 € 2(Q). Then, we have the following lemmas :

Lel;lln;la 3 Set n® = a® (x)Vu'. There exists a subsequence still denoted by & and n° € L*(Q)
such that

Vo € 2(Q), kEToo Qnsk.Vka(p dx:/QnO.VVO(pdx.

Lemma 4 We have

Yo € 2(Q), kETw/g(Pagk (x)Vuft Vv dx = /Q(pao(x)Vu?.Vvo dx.
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Now, from Lemmas 3 and 4, we deduce that
we2(Q), n'WW =XVl Vi ae.inQ
and then
n°=d(x)vul ae.in Q. (16)

Finally, passing to the limit in (Pfk ) as k — +oo and using (1), (3), the continuity of M and
(13)-(16) to see that u? is a solution to (Pf))

Remark 1 Similarly, we prove Theorem 2.

3. CONCLUSIONS

Under boundedness and generalized Lipschitz conditions on the reaction terms and weak
assumptions on the diffusion coefficients, we studied the asymptotic behavior of solutions of
nonlocal elliptic problems associated with the sequence of matrices (a)g~¢ as € — 0 using the
notion of H-convergence.
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