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ABSTRACT

A class of nonlocal elliptic problems containing both singular term and nonhomogeneous non-
linearity is considered in a bounded domain in R3 : the existence of two distinct solutions is
obtained by the Ekeland Variational Principle and the Nehari decomposition.

1. INTRODUCTION

This paper deals with the existence and multiplicity of solutions for the following problem
with Dirichlet boundary value :

u
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where Q is a smooth bounded domain in R3, 4 < p < 6, a,b,A, 1 are positive constants with

u<p= % and f belongs to Hljl which is the dual of H, 1= H, (Q) for 0 < pu < = %

equipped with the norm
2
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This problem is related to the following well known Hardy inequality [10] :
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The appearence of the integral (b [, |Vu|>dx+ a),over the entire domain Q implies that the
equation in (£, is no longer a pointwise identity then,the problem under consideration turns
to be nonlocal.

It is well known that nonlocal problems serve to model several physical and biological phe-
nomena for example when an elastic string with fixed ends is subjected to transverse vibrations ;
Kirchhoff in [[12] was the first who proposed this study as an extension of the D’ Alembert wave
equation.
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Without singularity, the problem (47 ) reduces to the stationary elliptic version of Kirchhoff
type problems ; this class attracted the interest of researchers and many existence results have
been established see [1], [L3], [3]], [2] and the references therein. In the literature, there are many
works where the autors obtained positive solutions for such problems by variational methods see
[S] however in the situation where this approach doen’t apply, othor methods as numerical ones
can be sollicited ; interested readers can refer to [4], [8]] and [15].

We begin by giving an overview about the previous research on the problem (27 ).

Forb=u=0,a=1,and p=2*= N 2, N > 3 Tarantello [14] proved the existence of at

least two solutions in a bounded domaln of RN, under a suitable condition on f.

In the case 4 =0 and p =2* = N 2, Benmansour and Bouchekif 6] have shown under a
sufficient condition on f, the existence of multiple solutions for (27 ).

In the regular case (it = 0), Benmansour and Matallah [[7] obtained a multiplicity result to
the problem (7)) via variational methods.

Before stating our main result, we give some notations that will be used in the remainder of
this paper.
Ju= Jqudx, HMHH; = |[ul|_, ul, = (fQ|u|p)1/”dxare the norms inHﬁ'andU’ forl <p<oo
respectively, for 4 < p < 6 we define the best constant S, by

lul
i (Jo ul? dx)*/P
, BL. is the ball of center ¢ and radius r, 0, (1) denotes any quantity which tends to zero as n goes
to infinity.
Before giving our main result, let us define

ab(p—4) 28/*\/3ab b oo

G T
~ alp-2)  asy” (r-1)
2= o oo

and A, = max(A1, ;).
The main result can be described as follows.

Theorem 1 For all 0 < A < Ay, u < 1 = % the problem (7)) admits at least two positive
solutions.

This paper is organized as following : in the next section, we give the definition of Palais-
Smale condition and some preliminaries which we will use later. We give the proof of our main
result in Section 3.

2. SOME PRELIMINARY RESULTS

We define the energy functional associated to the problem (%2, ) as follows
b 4 a 2 1
) = 5l + 5l = ol 7A/fu, for all u € Hy,

where u = max(0,u). In general a function u € H,, is said to be a weak solution of (£2)) if it

satisfies
(b||u|2+a>/(Vqu | z > /\u\p 2uvfl/fv—O forallve Hy.
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To overcome the fact that the energy functional I is not bounded from below in Hy, and in
order to obtain multiplicity result, we introduce the Nehari manifold defined by

= {ue H\{0) : (1, (), u) =0}

which we split into three subsets :.

M ={ue My (1)>0},

JVAO ={ue M h(1)=0}
and

Ny ={ue N (1) <0},

where hy, () = I, (tu), t > 0, for more details about these maps, one can see [[11]].
We give the following result whose proof is similar than the one given in [9].

Lemma 2 Suppose that uy is a local minimiser of I, in A3, and ug ¢ JV/IO, then I (up) = 0 in
Hp'.
n

In preparation for the proof of the main result, we need the following lemmas.

Lemma3 Forall0 <A < A, 1 < % and each u € Hy\ {0}, there exists unique t}},,, > 0 such
that
DIf [ f |ul <0, then there exists 1+ =1 (u) # 0 such thatt*u € A}~ and I (1*u) = m>a(§(l;L (tu).
1=

i)If [ f|u] >0, then there exists t* =1" (u) and 1~ =1 (u) such thatttu € A", 1 u e JV[

and I (ttu) = Jmax I (tu), Iy (t; u) = O<rt?irt]“ I (tu).

—Fmax

Lemma 4 Forall0 <A < A, 0 < %, we have /VAO =g.

Lemma5 Forall 0 <A < A, u < % and each u € N9, there exist € > 0 and a differentiable
functiont : B(0,€) C H— R" such that t(0) = 1, t(v)(u—v) € A3 for |v|]| < &.

Lemma 6 The functional I is coercive and bounded from below on N, .
It is known that for all u € .4}, we have

Lemma 7 Forall 0 < A < A, then there exist two minimising sequences (i) C JVf and (v,) C
JV{ such that

D1 (uy) < co—i-% and I (wy) > 1 (un) — % w1 —unl|, forall wy € M

i) I (va) <1+ L and I (wa) > 1(va) — Ljwa —Vnl|, forall wy € A)7.
Proof. It is clear that [, is bounded on .47, then applying the Ekeland varitional principle,
we obtain two minimising sequences (uy) C JV[ and (v,) C A, which verify (i) and (ii)
respectively. m

Before giving the proof of our theorem, we show a compactness result related to the Palais-
Smale condition. For this let us recall that (u,) is said to be a Palais-Smale sequence for I,
if

I (up) is bounded on H and I} (u,) — 0in Hy; .

Lemma 8 If (wy) is a Palais-Smale sequence of I bounded in H,, then (wy) has a subsequence
in Hy, which is strongly convergente.
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3. PROOF OF THEOREM 1

Define mi = inf I (u)and m; = inf I)(v)and we claim that : mx < 0 and in particular
ueN, veN,

+ .
m, = inf I (v).
2 %Wlu

Indeed, for u € JVf we have

Mp=1) [fu > blp=4)ull} +a(p—2) Jul 42
> a(p=2) Jul},
then,
b a 1
B = gl Gl g f fu
b4 oay o 1 4 2 (p—1)
= Gl 5l — el ) 2L
a(p—2) , » (p—l)/
< —
< Sl A2 [ fu
a(p—=2) o
< -l <0

then, we can conclude that mj{ <0.

From Lemma 5, we obtain the existence of two minimising sequences (u,) C ,/V;' and
(va) C JV{ which from Lemma 6 converge strongly to u;t and u;, respectively, then u;[ € Jl/f
and u; € A" with I (u}) =m; and Iy (u; ) = m; .From the fact that Iy (|ul) = I; (u) for all
u € Hy , we get two positive distinct solutions to the problem (,@;L)

4. CONCLUSION

In this work, we prove a multiplicity result for a nonlocal elliptic problems with singular
term and nonhomogeneous nonlinearity is considered in a bounded domain in R? by the Ekeland
Variational Principle and the Nehari decomposition.
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