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ABSTRACT
The paper is devated to the study of a modified Wright function for certain generalized fractional
operators,nowadays known as Bv,ρ (z). Conditions for the existence of Bv,ρ (z) are proved. The
representation of the function in terms of the general Wright function denoted by Wλ ,µ (z) and
of the two related auxiliary function Fv(z), Mv(z) which depend on asingle parameter. Special
cases, involving the Mittag−Leffler function and its generalizations, are considered. The obtai-
ned results imply more precisely the known results.

Keywords : modied Wright function, generalized fractional, ρ−Laplace transform, Mittag−Leffler
types function.

1. INTRODUCTION

Fractional calculus is a natural extension of ordinary calculus, where integrals and derivatives
are defined for arbitrary real orders. Since 17th century, when fractional calculus was born, seve-
ral different derivatives have been introduced : Riemann−Liouville, Hadamard, Grunwald−Letnikov,
Caputo, just to mention a few [24, 26, 31], each of them with its own advantages and disadvan-
tages. Recently, U. Katugampola presented new types of fractional operators, which generalize
both the Riemann−Liouville and Hadamard fractional operators [28, 29, 30, 25]. The authors
in [27] did define the Caputo version of the generalized fractional derivatives, which genera-
lizes the concept of Caputo and Caputo−Hadamard fractional derivatives. In [25], the authors
giveen relation between generalized fractional derivatives and Caputo version of the generalized
fractional derivatives.

The special functions of mathematical physics are found to be very useful for finding solu-
tions of initial and/or boundary value problems governed by partial differential equations and
fractional differential equations. Special functions have widespread applications in other areas
of mathematics and often new perspectives in special functions are motivated by such connec-
tions. Several special functions, called recently special functions of fractional calculus, play a
very important and interesting role as solutions of fractional order differential equations, suchas
the Mittag−Leffler function, Wright function with its auxiliary functions, and Fox’s −function.
The Wright function is one of the special functions which plays an important role in the solution
of linear partial fractional differential equations. It was introduced for the first time in [3, 4] in
connection with a problem in the number theory regarding the asymptotic of the number of some
special partitions of the natural numbers. Recently this function has appeared in papers related
to partial differential equations of fractional order. Considering the boundary value problems
for the fractional diffusion−wave equation, that is, the linear partial integrodifferential equa-
tion obtained from the classical diffusion or wave equation by replacing the first. Furthermore,
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extending the methods of Lie groups in partial differential equations to the partial differential
equations of fractional order, it was shown that some of the group−invariant solutions of these
equations can be given in terms of the Wright and the generalized Wright functions [11].A list
of formulas concerning this function can be found in the hand book of Bateman Project,Erdélyi
et al. 1953[12].
The Wright function, that we denote by Wv,µ (z), is so named in honour of E. Maitland Wright,
the eminent British mathematician, who introduced and investigated this function in a series of
notes starting from 1933 in the framework of the asymptotic theory of partitions, see [4, 5, 7].
The function is dened by the series representation, convergent in the whole z−complex plane,

Wv,µ (z) =
∞

∑
n=0

zn

n!Γ(vn+µ)
; v >−1; µ ∈ C. (1)

Originally, Wright assumed λ > 0, and, only in 1940[3], he considered 1 < v < 0.
Mainardi, in his rst analysis of the time−fractional diusion equation [13, 15], aware of the Bate-
man handbook [16], but not yet of the 1940 paper by Wright [3], introduced the two (Wright−type)
entire auxiliary functions,

Fv(z) :=W−v,0(−z); 0 < v < 1, (2)
and

Mv(z) :=W−v,1−v(−z); 0 < v < 1, (3)
inter−related through

Fv(z) = vzMv(z). (4)
As a matter of fact, functions F(z) and M(z) are particular cases of the Wright function of the
second kind Wλ ,µ (z) by setting λ = and µ = 0 or µ = 1, respectively.
In a continuation of this study, we investigate the generalized Wright function Bv,ρ (z) which is
defined for 0 < v < 1, ρ > 0 and z ∈ C, as :

Bv,ρ (z) =
∞

∑
n=0

(
− zρ

ρ

)n

n!Γ(1− v− vn)
; (5)

where Γ(.) is a gamma function.

2. PRELIMINARIES

Some basic definitions, theorems, lemmas and assumptions which which will be use later.
The generalized fractional integrals are defined by, n−1 < α ≤ n ; see [25, 28](

J
α,ρ
a+
)

g(t) =
1

Γ(α)

∫ t

a

(
tρ − τρ

ρ

)α−1
g(τ)

dτ

τ1−ρ
,

where Γ(.) is the Euler gamma function.
The left generalized fractional derivatives of order α > 0 are defined by(

D
α,ρ
a+
)

g(t) =
γn

Γ(n−α)

∫ t

a

(
tρ − τρ

ρ

)n−α−1
g(τ)

dτ

τ1−ρ
, t ∈ [a,b]

The left-sided generalized Caputo−type fractional derivative of g of order α is defined(cD
α,ρ
a+
)

g(t) =
1

Γ(n−α)

∫ t

a

(
tρ − τρ

ρ

)n−α−1 (γng)(τ)dτ

τ1−ρ
.

where γ = t1−ρ d
dt .

For α > 0; β > 0; 1 6 p < ∞; a ∈ (0,∞); ρ, c ∈ R; ρ > c.

J
α,ρ
a+ J

β ,ρ
a+ g = J

α+β ,ρ
a+ g; g ∈ Xp

c (a,b).
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The Mittag−Leffler function is an important function that finds widespread use in the world
of fractional calculus. Just as the exponential naturally arises out of the solution to integer or-
der differential equations, the Mittag−Leffler function plays ananalogous role in the solution of
non−integerorder differential equations. Infact, the exponential function itself is a very special
form, one of an infinite set of the se seemingly ubiquitous functions. The standard definition of
Mittag−Leffler [1, 2, 8, 10, 19, 21, 18, 9, 14] is given as follows :

Ev(z) =
∞

∑
k=0

zk

Γ(vk+1)
; v ∈ C, ℜe(α)> 0, z ∈ C (6)

A two parameter function of the Mittag−Leffler type is dened by the series expansion

Ev,w(z) =
∞

∑
k=0

zk

Γ(vk+w)
; v,w ∈ C, ℜe(α)> 0, ℜe(w)> 0, z ∈ C (7)

Also the function Eα,β (z) has the integral representation

Eα,β (z) =
1

2πi

∫
C

tα−β et

tβ − z
dt,

where the path of integration C is a loop which starts and ends at −∞, and encircles the circles
disc |t| ≤ |z|1/β in the positive sense : |arg(t)| ≤ π on C , we shortly write Eα,1(z) = Eα (z).

In our analysis we will make extensive use of integral transforms of ρ−Laplace. We do not
point out the conditions of validity and the main rules, since they are given in any textbook on
advanced mathematics. see [20].

Let g : [0,∞)−→ R+ be a real valued function. The ρ-Laplace transform of g is defined by

Lρ {g(t)}(τ) =
∫ +∞

0
exp
(
−τ

tρ

ρ

)
g(t)

dt
t1−ρ

,

for all values of τ .
Let α > 0 and g be a piecewise continuous function on each interval [0, t] and of ρ exponen-

tial order ec tρ
ρ . Then the Laplace transform formula for the Caputo type generalized fractional

integral is defined by

Lρ

{
J

α,ρ
a+ g(t)

}
(τ) = τ

−αLρ {g(t)} , τ > c.

3. MAIN RESULTS

The integral representations for the Bα,ρ−Wright function read

Bv,ρ (z) =
1

2πi

∫
Ha

eσ− zρ

ρ
σ α dσ

σ1−v ; 0 < v < 1; µ ∈ C (8)

where Ha denotes the Hankel path. We remind that the Hankel path is a loop that starts from −∞

along the lower side of the negative real axis, encircles the circular area around the origin with
radius ε −→ 0 in the positive sense, and ends at−∞ along the upper side of the negative real axis.
The equivalence of the series and integral representations is easily proved using Hankel formula
for the Gamma function

1
Γ(ξ )

=
1

2πi

∫
Ha

euu−ξ du; ξ ∈ C. (9)
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and performing a term-by-term integration. In fact,

Bv,ρ (z) =
1

2πi

∫
Ha

eσ− zρ

ρ
σ α dσ

σ1−v

=
1

2πi

∫
Ha

eσ
∞

∑
n=0

(
− zρ

ρ

)n
σ vn

n!
dσ

σ1−v

=
∞

∑
n=0

(
− zρ

ρ

)n

n!
1

2πi

∫
Ha

eσ

σ1−v−vn dσ

=
∞

∑
n=0

(
− zρ

ρ

)n

n!
1

Γ(1− v− vn)

The series representations for the Bv,ρ−Wright functions read

Bv,ρ (z) :=
∞

∑
n=0

(
− zρ

ρ

)n

n!Γ(1− v− vn)
=

1
π

∞

∑
n=1

(
− zρ

ρ

)n 1
(n−1)!

Γ(vn)Γ(nvπ).

by using the reection formula for the Gamma function Γ(ζ )Γ(1−ζ ) = π/sinπζ .
Furthermore, we have Bv,ρ (0) = 1/Γ(1− v).
Explicit expressions of Bv,ρ in terms of known functions are expected for some particular values
of . . In the particular cases v = 1/2 and v = 1/3 we find

B1/2,ρ (z) =
1√
pi

∞

∑
n=0

(−1)n
(

1
2

)
n

(
zρ

ρ

)2n

(2n)!
=

1√
pi

exp

(
−
(

zρ

ρ

)2
/4

)
and

B1/3,ρ (z) =
1

Γ(2/3)

∞

∑
n=0

(
1
3

)
n

(
zρ

ρ

)3n

(3n)!
− 1

Γ(1/3)

∞

∑
n=0

(
2
3

)
n

(
zρ

ρ

)3n+1

(3n+1)!

= 32/3Ai
((

zρ

ρ

)
/31/3

)
where Ai denotes the Airy function.
Moreover, the analysis of the limiting cases ρ = 1, v = 0 and v = 1 requires special attention.

Bv,1(z) = Mv(z)

and

B0,ρ (z) = e
−
(

zρ

ρ

)
The limiting case v= 1 is singular for both the auxiliary functions as expected from the definition
of the general Wright function when λ =−v =−1. Later we will deal with this singular case for
the Bv,ρ Wright function when the variable is real and positive.
Let us state some relevant properties of the Bv,ρ function in view of its role in time−fractional
diusion processes.

Lemma 1 We start with the ρ−Laplace transform pairs involving exponentials in the ρ−Laplace
domain.

e−λ v
λ

v−1 =
∫

∞

0

(
rρ

ρ

)−v
Bv,ρ

(
r−v

ρ
−v−1

ρ

)
e−λ

rρ

ρ
dr

r1−ρ
(10)
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Proof.

∫
∞

0
λ

1−v
(

rρ

ρ

)−v
Bv,ρ

(
r−v

ρ
−v−1

ρ

)
e−λ

rρ

ρ
dr

r1−ρ

=
∫

∞

0
λ

1−v
(

rρ

ρ

)−v
 ∞

∑
n=0

(−1)n
(

rρ

ρ

)−vn

n!Γ(1− v− vn)

e−λ
rρ

ρ
dr

r1−ρ

=
∞

∑
n=0

(−1)n

n!Γ(1− v− vn)

∫
∞

0
λ

1−v
(

rρ

ρ

)−v−vn
e−λ

rρ

ρ
dr

r1−ρ

=
∞

∑
n=0

(−1)n

n!Γ(1− v− vn)

∫
∞

0
λ

1−v
( x

λ

)−v−vn
e−x dx

λ

=
∞

∑
n=0

(−1)n

n!Γ(1− v− vn)
λ

vn
∫

∞

0
e−xx−v−vndx

=
∞

∑
n=0

(−1)n

n!Γ(1− v− vn)
λ

vn
Γ(1− v− vn)

=
∞

∑
n=0

(−λ v)n

n!
= e−λ v

and on a

e−λ v
=
∫

∞

0
v
(

rρ

ρ

)−v−1
Bv,ρ

(
r−v

ρ
−v−1

ρ

)
e−λ

rρ

ρ
dr

r1−ρ
(11)

in article [22], on ∫
∞

0
vt−1−vMv(t−v)e−λ tdt = e−λ α

on faire le changement de variable t = rρ

ρ

e−λ α

=
∫

∞

0
vt−1−vMv(t−v)e−λ tdt

=
∫

∞

0
v
(

rρ

ρ

)−1−v
Mv

((
rρ

ρ

)−v
)

e−λ
rρ

ρ
dr

r1−ρ

=
∫

∞

0
v
(

rρ

ρ

)−v−1
Bv,ρ

(
r−v

ρ
−v−1

ρ

)
e−λ

rρ

ρ
dr

r1−ρ

Let us point out the asymptotic behaviour of the function Bα,ρ (r) when r −→ 1. Choosing
as a variable r/v rather than r, the computation of the desired asymptotic representation by the
saddle−point approximation is straightforward. Mainardi and Tomirotti [17] have obtained

Lemma 2 From the above considerations we recognize that, for the Bv,ρ−Wright functions, the
following rule for absolute moments in R+ holds

∫
∞

0

(
rρ

ρ

)δ

Bv,ρ (r)
dr

r1−ρ
=

Γ(δ +1)
Γ(vδ +1)

; δ >−1; 0≤ α < 1. (12)
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Proof. In order to derive this fundamental result, we proceed as follows on the basis of the
integral representation (8) :∫

∞

0

(
rρ

ρ

)δ

Bv,ρ (r)
dr

r1−ρ
=

∫
∞

0

(
rρ

ρ

)δ [ 1
2πi

∫
Ha

eσ− rρ

ρ
σ v dσ

σ1−v

]
dr

r1−ρ

=
1

2πi

∫
Ha

eσ

[∫
∞

0
e−

rρ

ρ
σ v
(

rρ

ρ

)δ dr
r1−ρ

]
dσ

σ1−v

=
Γ(δ +1)

2πi

∫
Ha

eσ
σ
−(vδ+1)dσ =

Γ(δ +1)
Γ(vδ +1)

.

Above we have legitimized the exchange between integrals and used the identity∫
∞

0
e−

rρ

ρ
σ v
(

rρ

ρ

)δ dr
r1−ρ

=
Γ(δ +1)

(σ v)vδ+1
,

along with the Hankel formula of the Gamma function.
We now point out that the Bv,ρ−Wright function is related to the Mittag−Leffler function

through the following ρ−Laplace transform,

Bv,ρ (r) Lρ−→
Ev(−s); 0 < v < 1. (13)

For the reader’s convenience we provide a simple proof of (13) by using two dierent approaches.
We assume that the exchanges between integrals and series are legitimate in view of the analyti-
city properties of the involved functions. In the first approach we use the integral representations
of the two functions obtaining∫

∞

0
e−s rρ

ρ Bv,ρ (r)
dr

r1−ρ
=

∫
∞

0
e−s rρ

ρ

[
1

2πi

∫
Ha

eσ− rρ

ρ
σ v dσ

σ1−v

]
dr

r1−ρ

=
1

2πi

∫
Ha

eσ

[∫
∞

0
e−

rρ

ρ
(s+σ v) dr

r1−ρ

]
dσ

σ1−v

=
1

2πi

∫
Ha

eσ σ v−1

σ v + s
dσ = Ev(−s).

In the second approach we develop in series the exponential kernel of the ρ−Laplace transform
and we use the expression (12) for the absolute moments of the Bv,ρ−Wright function arriving
to the following series representation of the Mittag−Leffler function,

∫
∞

0
e−s rρ

ρ Bv,ρ (r)
dr

r1−ρ
=

∫
∞

0

∞

∑
n=0

(
−s rρ

ρ

)n

n!
Bv,ρ (r)

dr
r1−ρ

=
∞

∑
n=0

(−s)n

n!

∫
∞

0

(
rρ

ρ

)n
Bv,ρ (r)

dr
r1−ρ

=
∞

∑
n=0

(−s)n

n!
Γ(1+n)
Γ(1+ vn)

=
∞

∑
n=0

(−s)n

Γ(1+ vn)
= Ev(−s).

We note that the transformation term by term of the series expansion of the Bv,ρ−Wright function
is not legitimate because the function is not of exponential order, see [6] . However, this proce-
dure yields the formal asymptotic expansion of the Mittag−Leffler function Ev(−s) as s −→ ∞
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in a sector around the positive real axis, see e.g. [1, 2], that is

∫
∞

0
e−s rρ

ρ Bv,ρ (r)
dr

r1−ρ
=

∫
∞

0
e−s rρ

ρ

∞

∑
n=0

(
− rρ

ρ

)n

n!Γ(−vn+(1− v))
dr

r1−ρ

=
∞

∑
n=0

(−1)n

Γ(−vn+(1− v))
1

sn+1

=
∞

∑
m=1

(−1)m−1

Γ(−vm+1)
1

sm ∼ Ev(−s).

finlly, we see relation between a two parameter function of the Mittag−Leffler and ρ−Laplace
transforms :

∫
∞

0
v
(

rρ

ρ

)
Bv,ρ (r)e

−s rρ

ρ
dr

r1−ρ
=

∫
∞

0

∞

∑
n=0

v
(
−z rρ

ρ

)n

Γ(1+n)

(
rρ

ρ

)
Bv,ρ (r)

dr
r1−ρ

=
∞

∑
n=0

(−z)n

Γ(1+n)

∫
∞

0
v
(

rρ

ρ

)1+n
Bv,ρ (r)

dr
r1−ρ

=
∞

∑
n=0

(−z)n

Γ(1+n)
v

Γ(1+n+1)
Γ(1+(1+n)v)

=
∞

∑
n=0

(−z)n

Γ(v+ vn)
= Ev,v(−z)

4. CONCLUSIONS

The fundamental issue of the fractional operators and their generalized versions is to define
them correctly of functions. In this paper, we defined the generalized Bv,ρ−Wright functions by
which the fundamental solutions of these equations are expressed. We noticed that case as ρ = 1
will result in M−Wright function.

5. REFERENCES

[1] A. Erdélyi, W. Magnus, F. Oberhettinger and F.G. “Tricomi, Higher Transcendental Func-
tions”, Vol. 3, Ch. 18, McGraw−Hill, New−York (1954).

[2] F. Mainardi and R. Gorenflo, “On Mittag−Leffler−type functions in fractional evolution
processes”, J. Computational and Applied Mathematics 118(2000), 283−299.

[3] E. M. Wright, “The generalized bessel function of order greater than one”, Quarterly Journal
of Mathematics, vol.11, no. 1, pp. 36−48, 1940.

[4] E. M. Wright, “On the coefficients of power series having exponential singularities”, Journal
of the London Mathematical Society,vol.s1−8, no.1, pp. 71−79, 1933.

[5] E. M. Wright, “The asymptotic expansion of the generalized Bessel function”, Proc. London
Math. Soc. (Ser. II) 38(1935), 257−270.

[6] G. Doetsch, “Introduction to the Theory and Applications of the Laplace Transformation,”,
Springer Verlag, Berlin (1974).

[7] E. M. Wright, “The asymptotic expansion of the generalized hypergeometric function”,
Journal London Math. Soc. 10(1935), 287−293.

[8] Mittag−Leffler,G, “Sur la nouvelle fontion Eα ”, Comptes Rendus Hebdomadaires Des
Seances Del Academie Des Sciences, Paris 2137,554−558(1903).

ICMA2021-7



Proc. of the 1st Int. Conference on Mathematics and Applications, Nov 15-16 2021, Blida

[9] F. Mainardi and R. Gorenflo, “Time−fractional derivatives in relaxation processes : a
tutorial survey”, Fractional Calculus and Applied Analysis 10 No 3(2007), 269− 308.
E− print htt p : //arxiv.org/abs/0801.4914
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