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ABSTRACT

An i-packing in a graph G is a subset of vertices of V (G). The cardinality of the largest i-packing
is called the i-packing number and is noted ρi(G)
The packing chromatic number χρ (G) of a graph G is the smallest integer k such that its set
of vertices V (G) can be partitioned into k disjoint subsets V1, . . . , Vk, in such a way that every
subset Vi is an i packinh for every i, 1≤ i≤ k.

We determine the exact value or upper and lower bounds of the i-packing and the packing
chromatic number number of Petersen generalized graphs.

Keywords : i-Packing ; packing coloring ; i-packing number ; Packing chromatic number ; Cubic
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1. INTRODUCTION

All the graphs we consider are simple and loopless. For a graph G, we denote by V (G) its
set of vertices and by E(G) its set of edges. The distance dG(u,v), or simply d(u,v), when G is
clear from the context, between vertices u and v in G is the length (number of edges) of a shortest
path joining u and v. The diameter of G is the maximum distance between two vertices of G. We
denote by Pn, n≥ 1, the path of order n and by Cn, n≥ 3, the cycle of order n.
An i-packing in a graph G is a subset of vertices of V (G). The cardinality of the largest i-packing
is called the i-packing number and is noted ρi(G)

A packing k-coloring of G is a mapping π : V (G)→ {1, . . . ,k} such that, for every two
distinct vertices u and v, π(u) = π(v) = i implies d(u,v) > i. The packing chromatic number
χρ (G) of G is then the smallest k such that G admits a packing k-coloring. In other words,
χρ (G) is the smallest integer k such that V (G) can be partitioned into k disjoint subsets V1, . . . ,
Vk, in such a way that every two vertices in Vi are at distance greater than i in G for every i,
1≤ i≤ k.

Packing coloring of graphs has been introduced by Goddard, Hedetniemi, Hedetniemi, Har-
ris and Rall [?] under the name broadcast coloring and has been studied by several authors in
recent years. Several papers deal with the packing chromatic number of certain classes of undi-
rected graphs such as trees [?, ?, ?, ?], lattices [?, ?, ?, ?, ?], Cartesian products [?, ?, ?], distance
graphs [?, ?, ?] or hypercubes [?, ?, ?]. Complexity issues of the packing coloring problem were
adressed in [?, ?, ?, ?].
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Let H be a subgraph of G. Since dG(u,v) ≤ dH(u,v) for any two vertices u,v ∈ V (H), the
restriction to V (H) of any packing coloring of G is a packing coloring of H. This property
obviously holds for digraphs as well. Hence, having packing chromatic number at most k is a
hereditary property :

Proposition 1 (Goddard, Hedetniemi, Hedetniemi, Harris and Rall [?])
Let G and H be two graphs. If H is a subgraph of G, then χρ (H)≤ χρ (G).

The packing chromatic number of paths and cycles has been determined by Goddard et al. :

Theorem 2 (Goddard, Hedetniemi, Hedetniemi, Harris and Rall [?])
1. For every n≥ 1, χρ (Pn)≤ 3. Moreover, χρ (Pn) = 1 if and only if n = 1 and χρ (Pn) = 2 if

and only if n ∈ {2,3}.
2. For every n ≥ 3, 3 ≤ χρ (Cn) ≤ 4. Moreover, χρ (Cn) = 3 if and only if n = 3 or n ≡ 0

(mod 4).

In recent years, the packing coloring of cubic graphs was interested several authors, in 2016,
Gastineau and Togni [?] constructed a cubic graph G with χρ (G) = 13, and asked whether there
are cubic graphs with χρ (G) > 13. In the same year Brešar et al. [?] answered this question in
affirmative by constructing a cubic graph G with χρ (G) = 14. Recently Balogh et al. [?] have
proved that there are cubic graphs with arbitrarily large packing chromatic number.
In this conference, we will present in ?? the exact value of the i-packing nomber of generalized
Peterson graphs and in Section ?? we determine some upper and lower bounds of the packing
chromatic number of generalized Petersen graphs.

2. I-PACKING COLORING OF GENERALIZED PETERSON GRAPHS

In this section we determine the exacte value of the i-packing number, for all value of i, of
generalized Peterson graphs.
The generalized Petersen graph, denoted by GPn, is defined as follow : given an integer n≥ 3, it
is defined by the vertices set of 2n vertices V (GPn) =V1∪V2 such that V1 = {xi/1≤ i≤ n} and
V2 = {yi/1≤ i≤ n}. The edges set is given by xixi+1,xiyi,yiyi+2 for all 1≤ i≤ n.

Obviously the generalized Petersen graph is one of the most famous objects in graph theo-
ries, and we can observed that this graph is cubic.

Starting by giving the exct value when i = 3.

Theorem 3 Let G a generalized Petersen graph.

ρ3(G) =
⌊n

4

⌋
.

In the other cases, we have the following result.

Theorem 4 Let G a generalized Petersen graph. For an integer i≥ 4, we have :

ρi(G) =

⌊
n

2i−3

⌋
.
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3. PACKING COLORING OF GENERALIZED PETERSON GRAPHS

In this section, we are interested in the packing coloring problème.
In the following theorem we proof that the packing chromatic number of the generalized Petersen
Graph, GPn, with n is even, is between 7 and 12.

Theorem 5 Let n an even integer and let GPn be a generalized Petersen graph. We then have

7≤ χρ (GPn)≤ 12

and these two bounds are tight.

For the particular case when n = 5, we have the following reult.

Proposition 6 For Petersen graph GP5, we have χρ (GP5) = 6.

We complete the study of packing coloring of generalized peterson graphs by this theorem.

Theorem 7 Let n an odd integer and n ≥ 7, and let GPn be a generalized Petersen graph. We
then have

7≤ χρ (GPn)≤ 15.

4. CONCLUSIONS

In this work, we have studied the packing coloring of generalized Peterson graphs. We have
determined the exact value of – or upper and lower bounds on – the packing chromatic number
of this class of graphs. We leave as open problems the following questions.

1. What is the relation betwwen the packing coloring problem and the i-distance coloring of
generalized Peterson Grpahs ?

2. What is the best possible upper and lower bounds on the packing chromatic number of
generalized Peterson graphs ?
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