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ABSTRACT

In this paper we consider a class of nonhomogeneous p-Laplacian elliptic equations with a cri-
tical Sobolev exponent and multiple Hardy type terms. By Ekeland variational principale on
Nehari manifold and mountain pass lemma, we prove the existence of multiple solutions under
sufficient conditions on the data and the considered parameters.

1. INTRODUCTION

In this paper we study the existence and multiplicity of positive solutions for the quasilinear
elliptic problem :

k M 2 pre2 k Ai -2 :
() —Apu—Y; ‘xiai|p|u|l’ u=|ul? u+2i:1m|u|l’ ut+f inQ

u=0 ond Q,
where © is an open smooth bounded domain of RV(N >3),1 < p <N, k € N*, q; € Q, A;

and U; are nonnegative parameters and s; are positive constants (1 <i<k); f is a bounded
measurable function which is positive in each neighborhood of a;. Here p* = Af—ivp denotes the

critical Sobolev exponent and Apu = div(|Vul? ~2Vu) is the p-Laplacian operator.
Problem (Z?) is related to the Hardy inequality [7] :

r 1
/Q |x|f|a|p dx < I /Q [Vul? dx, for all u € C§ (Q), S

_p\P
where a € Q and I = <¥) is the best Hardy constant. We shall work with the space W =

WOl 7 (Q) the completion of C () with respect to the norm

k 1 1/p
= Vul? — . P
Ju (/Q <| Wl )d) ,

with 1 <p <N, u; >0fori=1,...,k and Z;‘:l W; < W. In particular, Hardy’s inequality shows
that this norm is equivalent to the usual norm ( [q [Vu|? dx)'/?.

Many research works related to problem (&?) were considered by some authors in recent
years. We mention especially the interesting works of :
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-Abdellaoui et. al. [1] studied the following problem :
Ah(x)

=" e g () [l win Y,

where /1 and g are two bounded measurable functions, they proved the existence and nonexistence
results for two cases, they first proved for the equation with a concave singular term, then they
studied the critical case related to hardy inequality, providing a description of the behavior of
radiale solutions of the limiting problem and obtaining existence and multiplicity results for
perturbed problems through variational and topological arguments.

-Haidong Liu proved in [8]] the existence of two solutions of the following problem :

—Apu =V () [ulP 2 u+ulP PutAf (qu)  inQ
u=0 ond Q,

under some sufficient assumptions on V, f, A and p, where V(x) is a linear weight and f is a
positive function. The case p = 2 has been treated by Chen [3]], who proved the existence of at
least m positive solutions.

-Hsu studied in [10] the existence and multiplicity of positive solutions of the quasilinear
elliptic problem :

-2 2 .
—Apu—Yk a lp P72 = [ul” 2w+ A fu)d” in Q
u=0 ond Q,

using Nehari manifold and mountain pass lemma he prove the existence of two solutions for
1 < ¢ < p and some assumptions on the parameters (i;, 4.

Remark 1 The case p =2 in the problem considered () has been treated in [2]].

To state our results, we need some notions.
Let A;, B; (A; < B;) be the zeroes of the function g(¢) = (p— 1)t? — (N — p)tP "' 4, £ >0
(for p=2 we have A; = \/ﬁ, " — U, Bi = \/ﬁJr\/ﬁf/.Li), 1<i<k.
Let us denote
=p(1+B;))—N

A* ::Jrr}m {M(s))}s

o p. -
M (s)) ue;;l\f{o}{nm I |x7 - 1}7

withl <p<Nands;>0,1 <<k
Now, we consider the following hypothesis :
(1) f is positive function in each neighborhood of a; and satisfies

where

pl
Pr-p
/fudx<Cp(||u|p Z / |p . )

>(p*—1)/(p*—ﬂ)

for all u € W such that fQ|u|p*dx: land Cp = (l;; 1p> ( 1
(#2) We consider € > 0 small enough, 6 = (N —p)/p and 1 <1 <k such that [, fue

dx=0 (89 |In(g)|) with 6 < min(B; — 8,6 —A;) and ug; € W.
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Remark 2 [f g € L1(Q) is a positive function with g = p*/ (p* — 1) and
p(r*-1)

. 1 * k PF=p *
a7\ AL ot
</Qg dx) <Cp[/l*(p*1) >

then g satisfies (F€1). Moreover, if f (x) = geln®’| g (x) for € > 0 small enough, then f € L1 (Q)
satisfies (A1) and (F2).

The main result of this paper is the following theorem.

Theorem 1 Assume that y; >0, A; >0, s; >0, Z;‘:I Wi <M, Zle Ai < A* and f satisfies (F1)
and (€2). Then the problem (?) has at least 2k solutions in W.

2. PRELIMINARY RESULTS

We give here some results which play important roles in the sequel of this work.
In what follows we denote the norms of L7 (Q), (1 < ¢ < o) and W~ (the dual of W) by |ul,

and ||u|| _ respectively. L” (Q, |x — a;]*) denotes the usual weighted L? (Q) space with the weight
|x—a;|*. C,C; will denote various positive constants whose exact values are not important. By
BZ], we denote the open ball in Q with center at a; and radius > 0.

We define for p; € (0,1) and g; € Q the constant :

P
V P __ 4. ‘M‘
fQ (‘ M| Ui |xfa,~\p dx

p
P

Sy (Q) = A<i<k

inf
uew\{0} |u

From [5]], Sy, is independent of any Q C RV in the sense that Sy, (Q) = Sy, (RY) = S, In
addition, the constant Sy, is achieved by a family of functions

Vei(x) = e-N/ry, (x_e ai)

where the positive radial function U; is defined in [1] and € > 0. Moreover, the function Vg ;
satisfies :

1Py
_A Vgi,uimz‘vﬁ‘p*—zvm in RM\ {a;}

PrEs |x — a;|P ’ '
u—s0 as |x| — oo,

Now, we shall give some estimates for the extremal functions Vg ; which we will use later. Let
@; € Cy’(Q) such that

0 if x—a;| >2r

ospwstew={ ] FETHZY e vaci<c

where 6 is a small positive number. Put ug ; = @; (x) Ve ;(x) for i in {1,...,k}.
In what follows, we consider s;, 4; > 0 and y; > 0 such that ):fle W < I and ):f-‘zl A < A*.
By [6]], we have the following estimates.
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Lemma 2 Assume that v € W is a positive solution of problem () and 1 < p < N, then for
€ > 0 small enough and 6 = (N — p) / p, we have

Jo <‘V”€J‘p* e — : ail? !”sz’ ) dx=;S‘i\{,./pJrﬁ(gl’(B,ﬂ—é)>7

Ja }“8,i|p* dx = Sffi/” -0 (gl’ (Bifé)) 7
Javl |”£,i‘p*71 dx=0 8(5*A1)>
Jo }ue,i| \V\pul dx=0 g(ﬁ**l)(SfA,)> ’

o (e@) . Ai+(p—1)B; > ps
[ Vel rldr=3 0 (8 n@))) A+ (p—1)8i= pd
o (er=NE=0) | A+ (p—1)Bi < pb
Vi 8(1"1)<5‘A/>> . Bi+(p—1)A; > pd
/Q\vwl’—l}vu&,-ydx: % e<Bi*5)\1n(s)\) , Bi+(p—1)A;=pd
o (e®9) . Bit+(p—1)A; < pd
L o e<5—Af)> ., (p—1)B;j+A; > pS
/wac: % s<P*1><Bf*5>|1n(s)|) . (p—1)Bi+A;=pd
o 8<p71><B,-76>> . (p—1)Bi+A; < ps
and

e 0 (VM) L Bk (p= 1A > pd

A = al‘,,’ o ("0 m(e)) , Bit(p—1)Ai=ps

o s<3f*3>) . Bi+(p—1)A; < pS

Let

i=1

1(u) .:/ |VulP — i‘u, |ul? B ik Jul? s
e = o —aif? [|x—a,~\pﬂ" ’
kL s 1/p. —
s ._uevlvn\f{o}{(z(u)) | Jul, = 1}.

From the fact that Zf-‘:l A < A*, we have §* > 0.
The energy functional associated to (£?) is given by the following expression :

1 1 *
J(u):= ;I(u)—l?/g\u\p dx—/gfudx.

We see that J is well defined in W and belongs to C! (W, R).
It is known that a weak solution u € W of (£?) corresponds to a critical point of J which is
given by :

i Ai|uP 2
U 0).0) = o <|Vu|f' Vv - ¥t 1‘|"“' g5k "|p<p>d

|x

— Jolul” "2 ugdx— [ fodx =0, forallg e W.
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More standard elliptic regularity argument implies that a weak solution u € W is indeed in
CX(Q\{a1,az,...,aqx})NC (Q\{ay,a3,...,a;}) and we can say that u satisfies (Z?) in the classi-
cal sense.

Definition 1 A functional J € C' (W,R) satisfies the Palais—Smale condition at level c, ((PS),
Sor short), if any sequence (u,) C W such that

J(up) —s ¢ and J' (uy) — 0 in W' (dual of W),
contains a strongly convergent subsequence.
As J is not bounded below on W, it is useful to consider it on the Nehari manifold :
N ={ueW\{0}: (J'(u),u) =0}.
It is natural to split .4 into three subsets :
N r={ue N :(J"(u),u) >0},
N ={ue N {J"(u),u) <0},
NO={ue N (J"(u),u) =0},
with

<J"(u), u>

pl(u) = p" lal} ~ [ fuds
(p— V1) = (p* = 1) |ul2.

(p=p) 1) +(p" =) [ fuds

Lemma 3 Let f satisfies the condition (71). Then for any u € W\ {0} there exists an unique
tT =1%(u) > 0 such that ttu € N ~and

(r*=1)/(r"=p)

s ((1’_1)1(”’2) = fmax (1) = fmax
(p* = 1) |ul

and J (t*u) = maxJ (tu).

Moreover, if [ fu dx > 0, then there exists an unique t~ =t~ (u) > 0 such that t "u € N T,
Q

17 <tmax and J (1" u) = 0<}r<11; J(tu).

Proof. The lemma is proved in the same way as in [13]. m
Lemma 4 Let f # 0 satisfying the condition (A1) then A = @.
Proof. Suppose that .#05 @. Then for u € .40 we have :

(p=1)1(u) = (p* = 1) |ul}.

P

thus
0 = Iu)— Mp: - / u dx

(p —p)lul’ —(p—1) /Q fudx. 3)
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From (##1) and (2.2) we obtain

0 < Cp(l(u))(”*_”/(”*_”)—/qudx

(r*=1)/(p*=p)
. . — I
= (Pl (“’ ”‘”) “1] =0,

(p* = 1) [ul.

which yields to a contradiction. m
Define, for i € {1,..,k},

o) [Vl dx
|Vull

Bi(u) : , where y;(x) = min{p, |x—a;|} and p > 0.

Take rg = % with p < %r};in‘ai—aj| and let
i#]

N={ue N/ Bi(u)<ry} and A ={uc N :Pi(u)<ro}.
Denote
m = inf J(u) and m; = inf J(u).
ue N+ ue N~

Lemma 5 ([3]) Let p > 0 and ry defined as above. If Bi(u) < rq then

/ |VulP dx > 3/ [Vul|P dx.
Q Q\B?

3. PROOF OF THEOREM 1

From now we consider j fixed in {1,...,k}.

3.1. Existence of solutions in ./ *

Using Ekeland’s variational principle we prove the existence of k solutions in .4 .

Proposition 6 Let f be a bounded measurable function, locally positive in each neighborhood
of a; and satisfying satisfying (A1). Then mf = inf+J(v) is achieved at a point u; € Jl{*
veN,

which is a critical point and even a local minimum for J.

Proof. We start by showing that J is bounded below in .#". Indeed, for u € A#'*, we have

The fact that u € A4 we get :

Jw) =

v

IV
TN NN =
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In particular

_ *_ 1)yp/(p=1)
mf > m z(l f) W=D APl tor = 1,k
pp (p*_p) /(p—1)

where my = inf J (u).
ueN
We claim that mjr < 0. In fact, we know that [ge fue ; > 0 for all £ small than a certain
J
& >0.
Set 0 < te i <l¢ jmax defined by Lemma 2 such that z, jlej € A+, From the fact that
B <t;ju£1j> tends to 0 as € goes to 0, it follows that there exists an & such that f3; < £’ju€_j> <r

forO0<e< e <eg.
Then I jUe,j € Jl/j-+, whence

()"

_ B (’Ej)p
J(tg_’jug,j) = = (ug,j) — » s,/f“w

1 _\? 1 _ P
b 1) (’s,j) I(ue, ;) + (1 - ;) (ts.,j> |ue [

(=) (7" =p) (-
) %(’w)p’(%u’KQ

this yields to —oo < mg < mj <0.
Ekeland’s variational principle gives us a minimizing sequence (u j'”)n - </Vj+ with the fol-
lowing properties :

(i) J(ujn) <mf+1
(ii) T(w) =T (ujn) = 1|V (w—uj,) |p , forallwe #7*.

By taking n large, we have for some € € (0,¢&) :

T (ujn) = (ﬁ—;)l(ujﬁn)—(l—%)/gfu,-vn dx

< mﬂr1 < w (z;j)pl(ug,j)‘

I oom pp*

This implies

(p—1)(p*—p) 1 _\P
/quj_n dx > T <t£’j) I(ue ;) > 0.

Consequently, u;, # 0 and we get

(p—1)(p*—p)

_\?
p(p*—l) (ts,j> I(uel <H”J”H< ( )Hf”—

Thus there exists a subsequence labeled (u ja")n such that u;, — u; weakly in W, when n goes

to +-co. Using an argument similar to [13] we can conclude that HJ’ (uj,n) |L tends to 0 as n goes
to +-oo.
We deduce that
<J/ (uj) ,(p> =0, forallp e W 4)

i.e. u;j is a weak solution of ().
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In particular u; € .4, and we have

/qujdx: lim /fujndx (;(Iif)p) (o)) 10ue.) > 0.

n—-—+oo

Thus u; # 0. Also, from Lemma 4 and (3.1) it follows that necessarily u; € A4F.
By the fact that B (u;) = 1141’)11 Bj (ujn) <ro,thenuj € /‘6* Hence
n o0 ’

J(uj) = (i—%)l(uj)—(l—pi)/ fujdx

Nim infJ (uj,) = mf

+
m;

IA

IN

i

Hence, similarly to [13]], we conclude that u; is a local minimizer for J.

Then uj,, — u; strongly in W and J (u;) = mf = inf I(v). By Lemma 3, we deduce the
' ve/i{,-

existence of k solutions to the problem (7). m

3.2. Existence of solutions in ./~

In this subsection, we shall find the range of ¢ where J verifies the (PS),. condition.
Lemma7 If c < IS%/p where S, /p = min{SZl/p7 ,Sﬁk/p Sg{;}, then J satisfies the (PS),
condition.

Proof. Let (u,) be a (PS), sequence for J with ¢ < Sﬂ/p We know that (u,) is bounded in W,
and there exist a subsequence of (u,) (still denoted by (un)) and u € W such that :

u, —u weaklyin W,

up —u  weakly in LP (Q,|x—a;| 7) for 1 <i<kandin L (Q),
up — u  strongly in LP (Q, |x — a;[*7) for 1 <i <k,

up — u strongly in L7 (Q) for 1 < ¢ < p*.

[ fu [ fu

Using a standard argument, we deduce that u is a weak solution of problem ().
By the Concentration-Compactness Principle [11L112]), there exist a subsequence, still deno-
ted by (uy,), an at most countable set 3 of different (x;) jeg CQ\ U {a;}
JES\{1,....k}
and sets of nonnegative numbers fiy;, Vy; for j € S; fig,, Ya;, Va, for 1 g i <k such that :

and

Vun|P — dp > Z“X,(SX,"‘ZHH, a;
jes i=

|u4n]”

|x—a;

|p - d77: 7711,' ‘Sai

and

lun|?” —dv =Y %8, +Z"a: ;i
Jjes i=1

where &y is the Dirac mass at x.
By the Sobolev-Hardy inequalities, we get

oy — 1T, > S, V7 1< i<k, (5)
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Claim 1 Either vy, =0 or f’x,- > SON/p for any j € 3 and either V,, = 0 or V,, > SZ]I,/F for all
1<i<k.

Proof of Claim 1. In fact, let € > 0 be small enough such that a; ¢ Bﬁj forall 1 < j<kand
BﬁlﬂBﬁj =g fori# j,andi,je3.

Let q)g be a smooth cut-off function centred at x; such that :

i i 1 if |x—x;| < §,
OSMSL%:{Oif oe

4
<=,
X—Xj > €, 78

and )V(l)g

then
lim lim [q, |Vun|P ¢ = hmeq)Ed/,L > [,

e—0n—

lim lim [q lal” (pgj = liH(l)fQ (Pgd?: 0,
£—

£0n—oo” ‘X*“i‘p

P gl — —
élg(‘)nlgnfﬂwn‘ ¢£ hme(])gdv Vi

p=2 —
g%nlgn Jo lun] V”nv‘ps 0,

thus we have )
— 1 . / J S i —
0= fimpfin (/) 00 ) 2 i =¥

By the Sobolev-Hardy inequalities, we get
SO VP/P < ﬂx j

hence we deduce that
Vx; =0 or Vy, ngv/p.

Consider the possibility of concentration at points a;, with 1 <i <k.
For € > 0 be small enough such that x; ¢ Bf for all j € S and BE NB; = & for i # j and
1<i,j<k.

Let y; be a smooth cut-off function centred at x; such that

i i_ [ if x| < §, ‘ i i
Osvesl Wg*{ 0 if [x—x| > ¢, and |Vye| < g’
then
tim lim [ Vi |” i = lim [, idf > B,
eh_I)I(l)nlgn Jo |“n‘p v = hm jQ YedV =V,
lim lim fo (0 i = lim fo yid7 =1,
;lg})nh_r}olof ‘17 ll’g =0for j #i,
lim i P2 Vu, Vi =0
S%nlm Jo lun] UnVYe )
thus we have )
0= lim lim <J’ (i) , wg> > fla, — WiTa, — V- 6)
£—0n—ro0
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From (3.2) and (3.3) we deduce that

S” P/

i

and then either V,, = 0 or V,, > Sflll_/p forall1<i<k. m
Consequently, from the above argument and (3.1), we conclude that :

¢ = lim (J(un)—%<-’/(un)7””>)

n—o0

— _ P

= N}}l_r)rolo/ |un|

= (va,+2"al>-
jes i

If V4, = V%, = 0 for all i € {1,...,k},j € 3, then ¢ = 0 which contradicts the assumption that
¢ > 0. On the other hand, if there exists an i € {1,...,k} such that ¥,, # 0 or there exists an j € 3
with vy, # 0 then we infer that

L ov/p
= ]T]S W=
Therefore J satisfies the (PS),. condition for ¢ < c*. m

Lemma 8 Under the condition (J€1), (72) and 0 < s; < s} there exists € > 0 such that for

0 < & < g we have
+ SN/p
supl (uj+1tug;) < ml+ =Sy
>0 N

Proof. Set g(t) := J(u; +tug ), then g (0) = J(u;) < mJr + ¥ SN/p and by the continuity of g

there exists 7y > 0 small enough such that g (1) < m;r + I{IS%/ P forall ¢ € (0, ty) . On the other

hand, it is easy to see that g (f) — —oo as t — oo, that is, there exists #; > 0 large enough such
that g (r) < m + Il,Sﬁ/p for all t > #1. So we only need to show that sup g (r) < m}L—I— %Sﬁ,/p.

1h<t<t
From the following elementary inequality satisfied for all o, 8 € R,

ot Bl — locl?  BI7 — qap (1ed? 2 [BI2) < (Bla" +a[Bl?),

we have
sup g(r) = sup J(uj+tug;)
to<t<1, to<t<1,

IA

J(u,»)+supj(mg,,)+cl/g (|vuj|f’—1 |Vite | + | Vatg |7 |Vuj|>dx
>0

T 2 2 s (1
*sz“/< el hal )
R Y e Y
+C3iz‘1ll/9< |x—a; [P~ % + |x —a;|P~% dx

+c4/£'2(\ujy e[+ e g | ) v
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By (27°2) we obtain

sup J(tu&;) = sup<t ugl /|u81|p dx—z/ fugldx>

1h<t<t >0

P }u l‘ P .
su| Vug;|” £ dx——/ ug|” dx
ap (5 (e~ B e s f e
—ll/ Sue dx
1
< 5 N/”+ﬁ<8"<3’ 5>>—ﬁ(89\ln(e)\).
From Lemma 1 and the fact that 8 < min(B; — J,8 — A;), it follows that

/p
sup g(t) <mj SN .
fo<t<t Al

IA

Mountain pass lemma gives us a value that is below the threshold m]+ + ﬁSf{,/ 2, whose
objective is to compare it with the value m; = mf 1.

Take ugy, € W such that |Vu j|, = 1, then by Lemma 2 we can find a unique 7, ; (ug,j) >0

such that t's jHe,j € A ~. We may use an argument similar to the previous subsection to find

tjjugﬁj € JV for € small enough and [ ( e, jUe, j) = t>rtnax 1 (tug /) The uniqueness of t;“j
£,j,max

gives that 7} ; (u) is a continuous function of u.
Set

Uy = {v € W such that ||v]| < ¢* (HVH)}U{O}

Uy = {v € W such that ||v|| > " (HVH >}

we remark that W\JV[ =U; UU, and </16-+ C U. In particular u; € U;.

We claim that for #; carefully chosen and € > 0 small enough &; = u; +t;ue ; € U (using
the same argument as [[13])).

Set

and

£;j={h:[0,1] — W continuous with 2(0) = u;j, h(1) =i} .
We have :

Lemma 9 For a suitable choice of t; > 0 and € > 0,

* = inf I(h(t
¢j = jnf max [(h(t))

defines a critical value for I and c;‘- > m;.

Proof. Clearly 4 : [0,1] — W given by h(t) = u; +1t;ue ; belongs to £;. Thus

SN/p

I(h(t)) <m +N w

ICMA2021-11
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and hence |
N/p
RCE

Also, since the range of any & € £; intersects C/ij we obtain :

JE +
cj<m; +

c Zm; = inf .

J

Lemma 7 results by applying the mountain pass lemma. ®

Proposition 10 Suppose that f verifies the condition (1) and (€2) then I has a minimizer
uj € ,/igf such that m; =1 (uj) . Moreover, u; is a solution of the problem ().

Proof. There exists a minimizing sequence (v;,) C A~ such that/ (vin) — m; and I’ (vin) —
Oin W.
By Lemma 7, we have m; < mJ+ + %S%/ P Using Lemma 6, we deduce that v j,n converges

strongly to u; in W. Thus u; € 4~ and m; =1 (u;) .
Then I’ (u;) = 0, and s0 u; is a solution of the problem (?).We conclude that () admits
also k solutions in ./ ~. m

4. CONCLUSION

Proof of Theorem 1. By Proposition 1 and Proposition 2 we conclude that the problem(.%?)
admits at least 2k distinct solutions in W. m
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