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ABSTRACT

In this paper, we introduce and explore the geometric-weighted Hardy spaces with variable ex-
ponent on bounded Lipschitz domain D of R”".

1. INTRODUCTION

The variable Lebesgue spaces is a well known generalization for the classical Lebesgue
spaces and it has become an interesting field for scientists in recent decades due to its wide uses
and applications in real world phenomena. The variable Lebesgue spaces LP ) (Q) was initiated
first by Orlicz [8], then studied and investigated by many authors see for example [7} 2} 13} 14]].

The classical Hardy space on R” was introduced and developed by Stein and Weiss [15]].
This kind of space was also extended to the variable setting. In particular, Nakai and Sawano
[12] introduced and investigated the Hardy space HP() (R™) with variable exponent, where they
established the atomic decomposition of this space. As in the results established in [[12]], Liu [9]
extended the results obtained by Miyachi [11] from the real variable Hardy space on domains to
the Hardy spaces with variable exponents. More precesily, Liu [9] obtained the atomic decom-
position of the variable Hardy spaces on domains and as an application, he studied the geometric
Hardy spaces with variable exponent. On the other hand, the weighted variable Hardy spaces are
considered as an extension for the variable Hardy spaces. K-P. Ho [5]] introduced and studied

the variable weighted Hardy spaces Hﬂ(')(R”), where he introduced a general class of weights
compared to the ordinary Mukenhoupt class of weights. More recently, O. Melkemi et al. [10]
extended the results obtained by K-P. Ho [5]], where the authors introduced and investigated the
atomic characterization of the weighted variable Hardy spaces on general domains Q of R”.
For more information and results concerning the variable Hardy spaces we refer the reader to
[16} 14} 13} 6] and the references therein. Motivated by the recent works in [[10] and [9], our
main goal is to investigate the geometric-weighted-variable Hardy spaces H£7(r') (D) on Lipschitz

domain D of R”. We recall that the spaces va)p

(D) are defined by means restricting arbitrary ele-
ments of Hv[‘j(‘) (R™) to a bounded domain ID. By applying the atomic characterization of the space
H{;O (D) obtained in [T0] for a general domains of R”, the reflection technique for Lipschitz do-

mains and borrowing some ideas from [[I]], we prove the following identity Hﬂ(') (D)= Hf;(r'> (D)
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(see Theorem[3]below). The rest of this paper is arranged as follows. In the next section, we give
some basic definitions and ingredients. In the last Section, we state and prove the main result
obtained in this article.

As usual, throughout this paper, C stands for a positive constant which may be different from
line to line, A < B means that there exists a positive constant C such that A < CB, the symbol
A~BmeansA < Band B SA.

2. PRELIMINARIES

A measurable function p(-) : D — (0,0) is called a variable exponent. For a variable ex-
ponent p(-), define

p- =essinfiepp(x) and  pi =esssupepp(x),

and let us denote by (D) the collection of all variable exponents such that 0 < p_ < py < oo,
Let p(-) € 2(D). The Lebesgue space with variable exponents L”(") (D) consists of all mea-

surable functions f : D — R such that [y |£(x)|[?™®dx < e, equipped with the Luxemburg quasi-
norm

p(x)
Hf\lm-)(]m):inf{/1>01/DPfix)|] ar<1). @n

In the following lemma, we collect some useful properties of the variable exponent Lebesgue
spaces. For the proofs and more details about these spaces, we refer to [3].

Lemma 1 Let p(-) € (D) and f,g € LV) (D).
(1) For A € C, we have || f|| 0y = Al oo (-
(2) Forany s € (0.5), we have | £y = 17l )

p r P .
(3) ||f+g||zp(-)(D) < ||fHZp(-)(]D)) + ”gHZﬂ(v)(D) where p = min{p_,1}.

We recall that for any f € L}OC(D), the Hardy-Littlewood maximal operator M is defined for
all x € D by setting,
1
M) i=sup o [ 170 ay,
Bax |Bl /B
where the supremum is taken over all balls B of D) containing x.

Next, we recall the definition and some properties of the weighted variable Lebesgue spaces.
Let w: D — (0,0) be a locally integrable function. The weighted variable exponent Lebesgue

space Lfv’-(‘) (D) is defined as the space of all measurable functions f : D — C such that
111260y = Wl pr ) < oo
The weights used in this paper belongs to the following class.

Definition 1 Let p(-) : D — (0,0) be a measurable function such that 0 < p_ < p4 < o and
w: D — (0,00) be a Lebesgue measurable function. We denote by W,y (D) the set of all Lebesgue
measurable functions w such that

(1) HXBHLZE,’)/E(

<ocoand ||xgll o, <eoo foranyball BofD;
D) )

w2 (

(2) there exists k > 1 and s > 1 such that the Hardy-Littlewood maximal operator is bounded
(sP0)) /K

onL ",
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For any w € W,y (D), set
sy = inf{s >1: M is bounded on L$p1</'3)/(11))},
Sw={s > 1: M is bounded on L‘Effk(/\)),/k(ﬂ))) for some k > 1}
and

kS, = sup{k > 1 : M is bounded on LP0) ¥ (rm)}. 2.2)

—

The following theorem gives the Fefferman-Stein vector valued maximal inequalities on vav(') (D).
For the proof, we refer to [5].

Theorem 2 Let p(-) : D — (0,00) be a measurable function with 0 < p_ < p; < o and q €
(1,00). If w € Wy (D), then, for any r > sy, we have

1/q 1/q
(go) | (g
ieN L;‘,l(/l (]D)) ieN L;pl(/l (]DJ)

Let ¢ € 2(B(0,,1)) such that [, ¢(x)dx = 1. For any ¢ € (0,0) and x € D, we set ¢ (x) =
t7"¢(¢r'x). For any f € 2'(DD), the radial maximal function ///(;Lﬂ(f) is defined for any x € D
by

My o(Nx) = sup [(fig(x—))], 23)

t€(0,dist(x,D<))

where D¢ denotes the complementary set of D in R”, dist(x,D°) := inf{|x—y| : y € D} and
(-,-) denotes the duality between 2’ (D) and Z2(D).

Now, we introduce weighted variable Hardy space on domains and we establish its atomic
and maximal function characterizations.

Definition 2 Let D be an open set of R" and p(-) € 2(D). Then, the weighted variable Hardy
space Hﬂ(')(D) is defined 1o be the set of all f € 9'(D) such that //{‘;fg(f) € La(')(ID)), where
M ¢+ o is as in 23), equipped with the quasi-norm

gy = 150 )0
Next, we give the definition of (p(-),r,w)-atoms in D.
Definition 3 Let D be an open set of R, p(-) € (D), w: D — (0,90), g € (1,00] and
dy =n(sy—1). (2.4)

1. A cube Q C R” is called of type (a) if 40 C D and é C R" is called of type (b) if
20ND° = @ and 4QND° # @.

2. A measurable function a on D is called a type (a) (p(-),q,w)p—atom if there exists a
cube Q of type (a) such that
(1) suppa C Q;

1/4

(2) Jallom) < uxﬁi()“ ;
(3) there exist s > d,, such that, [p.a(x)x%dx =0 for all o0 € Z} with |a| < s.

3. A mea;mrable Sunction b on D is called a type (b) (p(-),q,w)p—atom if there exists a
cube Q of type (b) such that
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(1) suppb C Q;

O|!/4
T
2) [1blls() < o150 )

Let p(-) € 2(D), {Ai}ien be a sequence of numbers in C, {Q;};cn be a cube sequence of the
supports of type (a) (p(:),r,w)p— atoms, {k;};cn be a sequence of numbers in C, {Q; };cn be a
cube sequence of the supports of type (b) (p(-),r,w)p— atoms. Define

1
|Ail 20, r} o
HXQ, HLa(')(D)

B{}ienAQbien) = H{E& {Hx;f@)} 9}‘]’

I

A ({Aitien:{Qitien) := H{E\I

V(D)
and

)

()

3. MAIN RESULT

In this section, we present our main result. We start by introducing the geometric-weighted
Hardy space with variable exponent on a proper open subset D of R”.

Definition 4 Let D C R” be a proper open subset and p(-) € & (R"). Denote by Hff,(')(R") the
weighted variable Hardy spaces on R". Then, it is said that a distribution f € 9'(D) belongs to

Hf;_y(r‘) (D), if f is the restrection to D of F € H{:.(‘) (R™). Namely, we have
Hﬁ,(r')(]D)) = {f € P'(D) : there exists F € H],";(')(R") : such that F|p = f}

The definition of (p(-),q,w)—atoms on R" is given as follows
Definition 5 Let p(-) € Z(D), w: D — (0,), g € (1,00] and

dy =n(sy—1).
A measurable function a on R" is called (p(-),q,w)p—atom if there exists a cube Q such that
(1) suppaCQ;
lo|'e .
(2) ”aHL‘I(]Rn) S HlQuJﬂ(_)(f{ﬂ) ,
(3) there exist s > dy, such that, [p. a(x)x%dx =0 for all o € Z}. with |ot| < s.

Definition 6 For sequences of {A;}ien C C and cubes {Q;}icn, define that

o' ({Ai}ien, {Qi}ien) = H{ Yy {M} 9}2’

ieN ”XQI ”La(') (D)

)
7 ()
where 6 € S,,.
The result of this section is given below

Theorem 3 Let D C R” be a bounded Lipschitz domain, p(-) € C°8(R") and w € Wy (R")
with 1% < p— < p4 < 1. Then we have the following identity :

HEO (D) = HEY (D),

with equivalent quasi-norms.
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Proof of Theorem[3
We first show that, for any f € HV’L’.’(,')(ID)) we have ‘lf‘lde(')(D) < HfHHﬁ.(r.)(D). Let f € Hﬁ,(r‘)(]])))

then by definition there exists F € HVI;(') (R™) such that F|p = f. According to [3, Theorem 5.3]
and (6), we infer that there exist a sequence {Ap}o C C, a sequence {ag}¢ of (p(-),q)-atoms
and /' ({19} 0,{Q}¢) < oo such that F = ¥, Apag in &'(R") and

IFll000 ~ " ({20}0:{Q}0); (3.1)

where, those atoms ap supported in cubes Q € D with (40) ND° = 0, are treated as type
(a)(p(+),q)p—atoms and we have

’Q{({A’Q}Ql ) {Q}Ql) = Ml({kQ}Ql ) {Q}Q1) < oo, (3.2)

where Q) ={Q C D: (4Q)ND*° = 0}.
We treat as type (b)(p(-),q)p-atoms and we have

B({1}0,{0}0,) = @' ({40} 0,:{0}0,) <o, (3.3)

where 0> = {0 CD: (4Q)ND* # 0 and (2Q)ND* = 0}. For those ay atoms we can decom-
pose them into type (b)(p(-),e)p-atoms via the Whitney decomposition. To do so, we consider
atoms in the decomposition of F that intersect dID. When we restrict the atom to D, we will lose
part of its support. Without lose of generality we consider an atom A fulfills [[Al| @) < 1, with
g € (1,0], and its supported on the cube

0={(x,xn):|x;|<1/2when j=1,---,n—1,0<x, < a},

for some a € (0,1). From the Whitney decomposition on D of Q with respect to 9D, we
find that, the cube Q is decomposed into a family of sub-cubes {Qlj< } of distance 2% from oI

and there are ¢ ~ 2(n=1k of them. We can observe that Jj varies from 1 to ¢;. From the Whitney
decomposition, it follows that each cube Q’J‘- is a type (b) cube and

o © g
A(x',x,,) = Z Z xQﬁA = Z ‘ /FLQ‘/;aQ/;,
k=1 j=1 k=1 j=1

where, for j=1,--- ¢y and k € N,
and

XQ’;.A
Aok 1= '
o
j \|XQ‘;AHL°°(D)\|XQ§\lLa<»>(D)

From the fact that gk is supported in type (b) cube Q’;, we obtain
J

XQfA 1

) S T < .
g ‘|L°°(HJ))H;¢Q/}HL£(_)(D) 0t 1120 )

lagll=m

Hence, each ay is a type (b)(p(+),°)p—atom, Moreover, by combining the Hélder inequa-
J
Allpa(rny < 1.XE X1 1051 = 101 and [ 20|50 ) < 10]'/7+, we find out that

lity,
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%({lQﬁ}ka’{Q];’}ka) = M’({Agﬁj,k,{d}}j,k)
g oo 16
< ‘ (Z )y ”XQ/;AHL‘”(]D))) ( Y Zw) B (3.4)
k=1j=1 fr Y 2 )
<

1A = ey 1201 120 ey

A

|Q‘1/m < oo,

which means that the atomic decomposition converges in Hf;(') (R™). Furthermore, in view

of [10, Theorem 3.7, (3:2), (3:3) and (B-4), we get

£ 1 ezet) () ~ HfllH;gggn(D)
< ({Ag}o1:{Q}o,) + #({A0} 0, {0} 0,) + B({Agt }jiks {0}0)
~ " ({Ag}o1,{Q}0,) + ' ({A0}0,,{Q}0,) + @/({lgﬁ,}j,kv {O5}ix) <

from this, (3-1)), the definition of the variable geometric-weighted-Hardy space and [3} Theorem
5.3], we deduce that

110y < WEllggr0a gy = 1M pgo0 iy <=

which implies that f € HP() (D).

Let us now turn out to show that, for f € H2Y (D) then we have, ||f||H,, ) < "f‘|H’7(')(D)'

Let f € Hﬂ(') (D), then by [10} Theorem 3.7] and Deﬁmtlon we know that there exist two se-
quences kjjeN cCand Kjjen C C, a sequence aj ey of type (a)(p(),q)patoms and a sequence
bjjen of type (b)(p(+),q)patoms such that

Z/Iaj+21cj in 7'(D), (3.5)

JjeN

and

o ({47} jen: {Q)}jen) + B} jen, {0} jen) < eo.
The type (a)(p(-),q)patoms a; in (3-3) are already (p(-),q)atoms and we have

A ({4} jen. {0} jew) = &' ({4} jen, {Q)} jen) < eo.
While, we treat the (b)(p(-),¢)patoms b; in (3:3)) in two different cases.
Case 1. If b; is of type (b)(p(-),q)p atoms as in (3:3)) and is supported on a type (b) cube Q
with £(Q) < € for some ¢ sufficiently small € > 0, then we find a cube Q C (dD)¢ which has the
same size of Q. Now, we set the extension (b;). of function b; as follows :

- bj(x) for xe€Q;
o —ll@bej(y)dy for xeQ,

from this, we infer that the function (b;), is supported on QU 0. As the distance between Q and

0 to dD is compa}rable to £(Q), we may find another cube denoted 0 such that QU @ is a subset
of Q and |Q| < |Q] < |Q|. From this and the Holder inequality, we obtain

(bj)«(x
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.
16z < Wy + | (= 157 [ 2300 2

< b0 + 101101 /Q bj(y)dy

La(R")

Q‘l/q

<1165l zageey + 10174101V bl ooy S 7
0

L{L(')(]Rn)

and

' 1
[ eaiax= [ piee= [ (5 [ bi01as) g0
:/ij(x)dx—IQHQI’I/Qb,«(x)dx:O.

Thus, we find out

ﬂl({KQ}Qw{Q}Qs) =2({ro}0,.{Q}o;) <°°, (3.6)
where 03 := {Q C D : Q be a type (b) cube with¢(Q) < €}.

Case 2. If b; is a type (b)(p(-,g)patom in (3:3) and is supported on a type (b) cube Q with
£(Q) > &, then from the fact that D C R” is a bounded Lipschitz domain, we find out that there
exists a cube O C (ID)¢, such that £(Q) = £(Q) and dist(Q, Q) < £(Q). Then we can find another
cube denoted @, such that QUQ € Q and £(Q) = £(Q). As in Case 1. we define the function

bi(x) for xe€Q;
b)y(x):=4 7 ~
(b7)z(x) {—ébej(y)dy for xeQ,
which implies that (b;); is supported on QU 0, such that
-1 - o'
[1(6))sll oy < 1185l Loy + Q| H(/ biMdy)xpllown S 7077 ——
0 121l 120 ey

and

1
/Rn(bj)t(x)dx:/ij(x)dx—/Q(@/ij(y)dy)xg(x)dx
= [ piar—10llor™ [[b;war=0.
Consequently, we obtain

o' ({x0}0,:{C}a,) = B({K0} 0, {Q}0,) <=, (3.7
where Q4 := {Q C D: Q be a type (b) cube with/(Q) > €}. Thus By Definition of the space
Hﬁ(r') (D), @:1), (B-6), and [5] Theorem 5.3], we infer that

11y < Wl gz gony ™ IF s g
< o' ({x3,}jen. {Qj} jen) + " ({ko} 0. {Q} o) + o' ({K0} 0., {Qh ) < o=
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In view of [10, Theorem 3.7], we obtain that

(o)

”f”Hf(r)(]DJ) < Hf”Ht[:(al)o?n(D) ~ Hf”H‘f()(]D)) < oo,

which is the required result. m

(1]

(2]

(3]

[4]

(5]

(6]

(7]

(8]
(9]

(10]

(11]

[12]

[13]

[14]

[15]

[16]

4. REFERENCES

Chang, D.-C. : The dual of Hardy spaces on a bounded domain in R”. Forum Math. 6,
65-81 (1994)

Cruz-Uribe, D., Fiorenza, A., Martell J., and Pérez C. : The boundedness of classical
operators on variable LP spaces. Ann. Acad. Sci. Fenn. Math. 31, 239-264 (2006)
Diening, L., Harjulehto, P., Hésto P. and RuZi¢ka, M. : Lebesgue and Sobolev spaces
with variable exponents. Lecture Notes in Mathematics, vol. 2017, Springer, Heidelberg
(2011)

Fan, X. and Zhao, D. : On the spaces LP¥)(Q) and W"™P™¥)(Q). J. Math. Anal. Appl.
263, 424-446 (2001)

K.-P. Ho, Atomic decompositions of weighted Hardy spaces with variable exponents.
Tohoku Math. J. (2) 69 (2017), no. 3, 383-413.

Izuki, M., Nakai, E. and Sawano, Y. : Function spaces with variable exponents-an intro-
duction. Sci. Math. Jpn. 77, 187-315 (2014)

Kovadck, O. and Rékosnik, J. : On spaces LP ) and wkP()  Czechoslovak Math. J. 41 ,
592-618 (1991)

Orlicz, W. : Uber konjugierte Expoentenfolgen. Studia Math. 3, 200-211 (1931)

Liu, X. : Atomic characterizations of variable Hardy spaces on domains and their appli-
cations. Banach J. Math. Anal. 15, 26 (2021)

Melkemi, O., Saibi, K. and Mokhtari, Z. Weighted variable Hardy spaces on domains.
Adv. Oper. Theory 6, 56 (2021). https/ doi.org/10.1007/s43036-021-00151-4

Miyachi, A. : Maximal functions for distributions on open sets. Hitotsubashi J. Arts Sci.
28, 45-58 (1987)

Nakai, E. and Sawano, Y. : Hardy spaces with variable exponents and generalized Cam-
panato spaces. J. Funct. Anal. 262, 3665-3748 (2012)

Saibi, K. : Intrinsic Square Function Characterizations of Variable Hardy—Lorentz
Spaces Journal of Function Spaces. vol. 2020, Article ID 2681719, 9 pages (2020)

Sawano, Y. : Atomic Decompositions of Hardy Spaces with Variables Exponents and
its Applications to Bounded Linear Operators. Integr. Equ. Oper. Theory 77, 123148
(2013)

Stein, E. M. and Weiss G. : On the theory of harmonic functions of several variables : I.
The theory of Hp-spaces. Acta Mathematica. vol. 103, 25-62(1960)

Yang, D., Zhuo, C. and Nakai, E. : Characterizations of variable exponent Hardy spaces
via Riesz transforms, Rev. Mat. Complut. 29, no. 2, 245-270 (2016)

ICMA2021-8



	1  Introduction
	2  Preliminaries
	3  Main Result
	4  References

