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ABSTRACT

In this paper, we establish sufficient conditions for the existence of solutions and Ulam-
Hyers-Rasias stability for a class of boundary value problem for implicit fractional differential
equations with Caputo—Exponential fractional derivative in Banach space. The arguments are
based upon the Darbo’s theorem fixed point and Monch’s fixed point theorem together with the
measure of noncompactness. An example is included to show the applicability of our results.
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1. INTRODUCTION

The fractional calculus play a very important role in numerous application as in in-
dustrial robotics, in optimal control, in population dynamics, etc. That is why many authors are
studying and developing the theory of fractional calculus and fractional differential equations
and their important properties. See, for example, the books [[11/4}/51|7,/8L{19[27] and the research
papers [2,3L[12H16,23H25|] and the references therein.

In [10] by means of the Banach contraction principle, Benchohra and Bouriah studied the
existence and Ulam stability of nonlinear fractional boundary value problem involving Caputo
derivative

DEy(t) = x(t,y(t), “D§y(t)), foreach, t € J:=[0,T],T >0,0< ¢ <1,

d1y(0) +doy(T) = ds,
and
‘DEy(t) = x(t,y(t), “D§y(t)), foreach, r € J, 0 < o0 < 1,
y(0)+38(y) =y",
where y : J X RXR =R, ¥ :C(J,R) — R are a given functions and y*,d;,d,,ds € R. And in
[11] by means of technique of measure of noncompactness and the fixed point theorems of Darbo

and Monch, the authors studied the existence of nonlinear fractional boundary value problem
involving Caputo derivative

”Dgx(t) = x(t,x(¢), "Dgx(t)), foreach, r € J:=1[0,b],b>0,0<p <1,

d1x(0) +dry(b) = ds,
and
"Dgx(t) = x(t,x(1), "Dgx(t)), foreach,re€J,b>0,0<p <1,
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x(0) + 9 (x) =x",
where y : J X EXE — E, ¥ :C(J,E) — E are a given functions and dy,d; € R, d3,x* € E, and
(E,|l-||) is a real Banach space.

In [19] (p.99 sect. 2.5), Kilbas et al. present the definitions and some properties of the fractio-
nal integral and fractional derivatives of a function f with respect to another function y. In [26],
Tariboon and Ntouyas get W (1) = ¢’ and introduce a new class of exponential type fractional
integral and exponential type fractional derivative. Meanwhile, Malti et al. [20] establish the
existence and uniqueness results of solutions for a class of impulsive boundary value problem
for nonlinear implicit fractional differential equations involving Caputo exponential type fractio-
nal derivative.

Motivated by the above works, we investigate the existence of solutions and Ulam-Hyers-
Rasias stability (U-H-R) for a class of the boundary value problem (BVP) for the following
nonlinear implicit fractional-order differential equation (NIFDE) in Banach space :

¢Dhw(t) = f(t,y(t), (Db w(t)), foreach, t € J:=1[0,b],b>0,0< p < 1, )
61(1)(0)+62(1)(b) =9, 2)
where ng is the exponential left-sided of Caputo—Exponential type fractional derivative, f :

J X E x E — E is a given function and ¢y, ¢y, are real constants with ¢; +¢» # 0, and § € E,
where (E, || - ||) is a real Banach space.

The paper is organized as follows. In Sect. 2, we introduce Some notations, definitions,
lemmas and theorems. In the first subsection of Sect. 3, we prove existence results of the BVP for
NIFDE (T)-(2) by using Darbo’s fixed point theorem and on Mdnch’s fixed point theorem com-
bined with the measure of noncompactness. While in the Sect. 4, we study the U-H-R stability.
In addition to illustrate the results presented, we give an example.

2. PRELIMINARIES

In this section, we introduce some notations, definitions, lemmas, properties and fixed
point theorems that will be used in the remainder of this paper. Let J = [0,b] with b > 0 be a
finite interval of the real line R and C := C(J, E) be the Banach space of all continuous functions
v from J into E with the supremum norm

[|@]|e- := sup [ @(r)]]-
rel

The notation L' (J,E) denotes the Banach space of measurable functions u : / — E which are
Bochner integrable normed by

b
el =/ oo(s)|lds, forall @ € L' (J,E).
0

As usual, AC(J) denote the space of absolutely continuous function from J into E. We denote by
ACZ(J) the space defined by

ACH(J) == {w:J%E D" (1) € AC(J), °D = e*’%},

where n = [a] + 1 and [¢] is the integer part of a. In particular, if 0 < @ < 1, then n =1 and
ACH(J) = AC,()).
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Definition 1 ( [26)]) The exponential type fractional integral of order o« > 0 of a function h €
LY(J,E) is defined by

(CISh)(t) :== %) /Ot (¢ —¢*) ol h(s)é'ds, foreach t € J,

(a

where I'(.) is the (Euler’s) Gamma function defined by
I = / S leTdr, € >0.
JO

Definition 2 ( [26|]) Let ot > 0 and h € ACJ(J). The Caputo exponential type fractional deriva-
tives of order Q is defined by

1 4 —a-1{ _,d\" ds
e o . t_s\n—a s
(EDGgh)(1) == Tn—a) /0 (¢ =€) (e —ds) h(s) el foreacht € J,

where n = [o] + 1 and [o] is the integer part of a. In particular; if o« = 0, then

(D)) (1) := (o),

Property 1 ( [26]) If a, B > 0O, then

e rp+1 a
Iy (e’—l)ﬁ:%(e’—l) Hi, forae tel.

Property 2 ( [26]]) If & > 0 and 1 < p < oo, then for h € L" (J) we have
DG (“Igh) (1) = h(t).

Property 3 [26|] Let o0 > 0 and n = [a] + 1 and h € AC}(J). Then we have the following
formulas
n—1 ¢t k
-1)
IS (EDGR)(t) = h(t) — (e
QEDORTOR W

¢D*h(0).

Lemma 4 Let oo > 0, and h € AC!(J). Then the differential equation
¢DGh(r) =0
has a solutions
h(t) =10 +m (€ — D) +m(e =1+ (¢ = 1)1,
wheren; €R,i=0,1,2,....n—1,n=[a] + 1.
Lemma 5 Let o0 > 0, and h € AC}(J). Then
1% (SDER) (1) = h(r) + 10 + 1 (€' — 1)+ 1ol = 12+ o4 My (e — 1),

foreachn; €R,i=0,1,2,....n—1andn=[o]+1.
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Definition 3 ( [|9]) Let X be a Banach space and let .#x be the family of bounded subsets of X .
The Kuratowski measure of noncompactness is the map | : My — [0,00) defined by

w(M)=inf{e >0: M C leMj, diam(M;) < €}, here M € 4y,

where M € M. The map U satisfies the following properties :

— u(M)=0 <= M iscompact ( M is relatively compact).
— U is equal to zero on every one element-set.

— w(M) = u(M).

— My C My = pu(My) < u(My).

— u(Com(M)) = u(M).

— R(My+Ma) < p(My)+ p(Ma).

— w(aM) = 2] p(M), k€ R.

Lemma 6 ( [|I8)]) IfV C C(J,E) is a bounded and equicontinuous set, then
(i) the functiont — u(V(t)) is continuous on J, and

te(V) = sup u(V(1)).

a<t<b

(i) u (fw(s)ds ‘oc v> < /fu(v(s))ds,

where L is the Kuratowski measure of noncompactness and

V(s)={o(s): eV}, sel.

In the sequel we will make use of the following fixed point theorems.

Theorem 7 (Darbo’s fixed point theorem [|I7)]). Let X be a Banach space. and B be a bounded,
closed, convex and nonempty subset of X. Suppose a continuous mapping A : B — B is such that
for all closed subsets D of B,

o(A(D)) < ko (D),

where O < k < 1. Then A has a fixed point in B.

Theorem 8 (Monch’s fixed point theorem [21)]). Let D be a bounded, closed and convex subset
of a Banach space X such that 0 € D, and let A be a continuous mapping of D into itself. If the
implication

V =comA(V)orV=A(V)U{0} = uV)=0, 3)

holds for every subset V of D, then A has a fixed point.
3. EXISTENCE RESULTS

Let us start by defining what we mean by a solution of the problem @)—@

Definition 4 A function ® € AC,(J,E) is said to be a solution of the problem — is o satis-
fied equation ([I) on J and conditions ().

For the existence of solutions for the problem (1)) — , we need the following auxiliary lemmas :
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Lemma9 Ler 0 < p <1and & :J — E be a continuous function. Then the linear fractional
boundary value problem

ﬁDga)(t)zﬁ(t),foreacmte], 0<p<l, 4)
C](D(O)-i-Cz(x)(b) =9, Q)
where c1, ¢z, are real constants with ci + ¢y # 0, and 8 € E has a unique solution given by
o) = L/I(et — )P E(s)ds
I(p) Jo

! ) b S\P—1 8
GRS {F(P) | @ =erteEsas—s|.

Proof. By integrating the formula (@), we get
1

o(t) =+ W./ot(et — & )PLSE (5)ds. (6)

By (6). we get ¢;0(0) = cj @y, and

c20(b) = cran + % /Ob(eb — P15 E(s)ds.

Then by condition (3)), we deduce

Replacing in (G), we get

o(t) = ! )/Ot(e’—es)pflesé(s)ds—L {C—z /b(eb—es)pflesé(s)ds—S}. -

I'(p) (c1+¢2) [T(p) Jo

Lemma 10 Let a function f(t,u,v):J x E x E — E be continuous. Then the problem —@) is
equivalent to the problem :
o(t) =¥+ °Iy o(t) ©)

where O € C(J,E) satisfies the functional equation :

Y=o [5 ) G ‘es)pflexﬂ“)‘“}

and
B (t) :f<t,‘{’+ elgﬂ(t),ﬁ(t)).

Proof. Let o be a solution of (7). Then @(0) =¥ and
ob) =¥+ L /b(eb — )P LSO (s)ds.
L(p) Jo
So,

b
c10(0)+c0d) = P+ |:C2T+072/ (eP — )P et O (s)ds
0
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= 2 ? —e PO (s)ds
= (ete)rr s [ —eplen

= (Cl+62) €2 b b s\p—1 s
= (c1+¢2) |: 7F(P)/() (" —e*)P Ly O (s)ds

Then
c1 (D(O) + C’zw(b) =94.

On the other hand, we have

Dho(t) = f.DS(‘P—i—“’Igﬂ(t)):tS(t)

= f(130), eD§ ().
Thus, @ is a solution of the problem (I)—(2). 0

The following hypotheses will be used in the sequel :
(H,) The function t — f(f,u,v) is measurable on J for each u,v € E, and the functions
u— f(t,u,v) and v — f(¢,u,v) are continuous on E for a.e.r € J.
(H,) There exist constants £; > 0 and 0 < ¢, < 1 such that

lf (t,u,v) — f(t,a,9)|| < £y|lu— il +¢2||v—7||, foranyu,v,a,vE€E,t€J.
Remark 1 ( [6]]) Conditions (H,) is equivalent to the inequality
w(f(t,B1,B2)) < l1u(By) + 2 (Ba),

for any bounded sets B1,B, C E and for eacht € J.

Now, we are in a position to state and prove our existence result for the problem (I)-(2) based on
Darbo’s fixed point theorem.

Set ,
b (e —UP( 2] > _
- 8= 1+ and f =supl|f(z,0,0)].
¢ 1—4, C(p+1) lc1 + | f te?Hf( )il

Theorem 11 Assume (Hy) and (H,) holds. If
PO <1, ®
then BVP ([I)-[2) has at least one solution on J.

Proof. Transform the problem — into a fixed point problem. Define the operator A: C(J,E) —
C(J,E) by
1) 1

Me)) = m+W,/(f(ef—e“y’*esﬂ(s)ds

®

() b b ol s
_m/o (¢? — )P~ O (s)ds,
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where © € C(J,E) such that
V(1) = f(t, (1), 9(1)).

Step 1 : A is continuous.
Let {u,} be a sequence such that u, — u in C(J,E). Then, for eacht € J :

1

IAw) O =AWl < 7

@ —eptefone - oas

lea

b
e @ er e, - vlas

where 8,9 € C(J,E) such that

On(t) = f(t,un(t), On(1)), and  O() = f(t,u(r), B(r)).

Since u, — u as n — oo and f is continuous, then by Lebesgue dominated convergence theorem,
we have ||9, (t) — O (r)]| — 0 as n — oo, which leads to

A () (1) = A () (t)]|l.. >0 as n— .

Consequently, A is continuous. Before the next step, we consider the ball Bg = {u € C(J,E) :
||| < R}, such that
s _
. { 8, 7

-1
1 + ¢ 1—52®} 1-e0] (10)

Step 2 : A(Bg) C Bg. Let u € Bg we show that Au € Bg. We have, for eacht € J

|5‘ 1 ! t_ s\p—1,s
Ml < o s [ e eoas
(1)
|C2| b b s\p—1_s
7|cl+62|l”(p)/o (¢ — )P~ 9(s) | ds.

By condition (H,), for each f € J, we have that
@l = [lfu@), 3@)]

< @ u(), () = f(2,0,0)[|+ 1./, 0,0)]]

< Oflu@)]+ [0 +[1£(,0,0)]
< LR+ 6|90 +f.
Then
OR+f
o) < 4%
2
_ fo =
= ¢R+17£2.7M.
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Thus, (T0) and (TT) implies that

5] 7\ (=1f
Aol < \C1+02\+(¢R+1*52) C(p+1)
N (¢R+ f ) lea|(e” —1)P
1= ) [er+eT(p+1)
<

El ¢<eb—1>”{ e }
el T Tern | R

" (1—?52) (;?P_ﬂgil; {1+|01‘f|62\}

18] ( f )
®OR (©)
‘C1+02‘+¢ + 1—4,

‘61—0—62‘

IA

IN

R.
Then ||Au||le < R. Thus A(Bg) C Bg.

Step 3 : A(BR) is bounded and equicontinuous.
Let 71,7 € J, 7| < T2, and let u € Bg. Then

IAG) (%) — A@)(z)]| = Hﬁ/of [(em =)t = (7 = )P~ e B(s)ds
+$ L ]TZ (% — )P 15D (5)ds
o7 ) e —er e —ep o as
17 L €@ = |etolas
F(pL:rl) [(efl —1)P — (€™ —1)P +2(e™ —e" )P]

As 7] — Tp, the right-hand side of the above inequality tends to zero.

Step 4 : The operator A : B — BR is a contraction.
LetV C Bg and t € J, then we have

pAm @) = u({ano.yevy)

IN

T(p) { /ot(et — &Pl u(®(s)ds,y e V.
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Then for each s € J, the Remark[T]implies that

n({oyevt) = n({f6a(s).96).yevy)

< au(De)yevt)+ou({ve).yery).
Thus,
4
<
p(revt) < Zpu(be)yevt)
< ou(Di)yevy).
Then
p(An@) = 5ot @ -erpte mb)as vev
- T(p) | Jo
< ¢,uc /’ p 1 Sds
0
9(e"—1)
V).
< Tp+1) He(V)
Therefore
9(e"—1)P
(AV) < (V).
HelAV) < S V)
So, by . the operator A is a contraction. As a consequence of Theoreml we deduce that A
has a fixed point, which is solution to the problem . . ). This completes the proof. 0

The following hypotheses will be used in the sequel :
(H4) There exists a continuous function p : J — [0,0) such that

p(t)

I1f (@) < s
T lul + [Jv]

forae.r€Jandu,v€E.

(Hs) For each bounded set B C E and for each t € J, we have
u(f (0B, <DEB) ) < p()u(B).

where ¢D¥B = {¢D%u:u € B}.

Sk

Set ,
b
* (e — 1)
pri=supp(t), p=——Tv.
red () L(p+1)
The second existence is based on the concept of measure of noncompactness and Monch’s
fixed point theorem.

Theorem 12 Assume that (Hy), (H4) and (Hs) are satisfied. If

pp<l, 12)
then the BVP ({I)-([2) has at least one solution on J.
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Proof. Consider the operator A defined in (J). We shall show that A satisfies the assumption of
Monch’s fixed point theorem. The proof will be given in several steps.

Step 1 : A is continuous.
Let {u, } be a sequence such that u, — v in C(J,E). Then, for each t € J, we have,

1 ! t s\p—1 s

[A(un) (1) = A) (D) < F@%A@*EVIHWAﬂ*NﬂWS
7|62‘ bebfes s s)—0(s)||ds
Tl b P o) (s,

where ¥, % € C(J,E) such that

Ou(t) = f(t,un(t),00(t)) and  O(t) = f(t,u(r), ().

Since u, — u as n — o and f is continuous, then by Lebesgue dominated convergence theorem,
we have ||9, (r) — O (r)|| = 0 as n — oo, which leads to

A () (1) = A () (t)]|l.. >0 as 1 — .

Therefore A is continuous. Before the next step, we consider the ball Bg, = {y € C(J,E):
[[ull.. < Ro} where
8]

Ry, >
ler + ¢

+p0.

Step 2 : Prove that for any u € Bg,, A maps B, into itself.

é 1 1 o
[Au@)l| < |C1‘+|62|+W/o(elied)p IeAHﬂ(S)Hds
‘62| b b s\p—1 s
o Tl Ty Jo &~V ElIv6)lds
6 1 1 o
- |c1‘+|c2| +W/o (¢! )P e lp(s) lds
‘62| b b s\p—1,s
T TalTp) Jo € —€) €lpilds
8] P /t o os\p—1 lea| p* by .
< _S\P Sd 7/ _s\p »
T e+t FOﬂ(o(e o)f e s+\q—+q\r0ﬂ,o(6 )’ eds
< 8] P =1 pFleal (P —1)P

+
ler+eal  T(p+1)  er+elT(p+1)
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8] .
+p'O
le1 + 2] p

Hence ||Aul|., < Ry, for each ¢ € J. This implies that A transforms the ball Bg, into itself.

Step 3 : A(Bg,) is bounded.
Since A (Bg,) C Bg, and Bg, is bounded, then A (Bg,) is bounded.

Step 4 : A(Bg,) is equicontinuous.
Let 71,7 €J, 71 < T, and let u € Bg. Then

1

A =A@ = g [ [ et @ el

o).
+$/;2(e72 — )P 9 (s)ds

< ﬁ [ —er = —ep-t|elvlas
17 L | = |etnlas

< F(ppijrl) (67— 1P — (2~ 1P +2(e% — ).

As 7] — Ty, the right-hand side of the above inequality tends to zero. Hence, A(Bg, ) is equicon-
tinuous.

Step 5 : The implication (3) holds.
Now let V be a subset of Bg, such that V C conv(A(V)U{0}). V is bounded and equicontinuous
and therefore the function t — v(t) = u(V(¢)) is continuous on J.
By using the Lemma|§|and Properties of measure of noncompactness tt, we have, for eachr € J,

v(t) < (AV)(@)U{0})

< rAMv)@)

< ﬁ [@—ertepouweds
< rl();) ‘/Ot(et — e )P LeSv(s)ds
< p'p ..

Therefore,
Ve < PP Ve
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From (12), we get v(#) = 0 for each ¢ € J, and then V (r) is relatively compact in E. In view of the
Ascoli-Arzela theorem, V is relatively compact in Bg,. Applying now Theorem|§| we conclude
that A has a fixed point u € Bg,, which is solution to the problem (|1)) — . This completes the
proof. 0

4. ULAM-HYERS-RASIAS STABILITY

In this section, we are concerned with Ulam-Hyers-Rasias (U-H-R) stability. So, we adopt
the definition in Rus [22]] to our problem (I)-@).

Definition 5 Equation is U-H-R stable with respect to ¢ € C(J,R) if there exists a real
number cy > 0 such that for each € > 0 and for each solution @ € AC,(J, E) of the inequality

1<DE@(r) — £(t,@(0), DRG] < o), 1 € J, (13
there exists a solution ® € AC,(J,E) of problem -(IZI) with
[@(1) — o) < crep(t), teJ.

Remark 2 A function @ € AC,(J,E) is a solution of the inequality if and only if there exists
a function g € C(J,E) (which depend on @) such that

(i) el <eo(t), forteJ.
(ii) Dh@(t) = f(t,0(t), SDh@(1)) +g(t), fort €J.

Theorem 13 Assume (H,), (H), (8) and
(Hg) There exists an increasing function @ € C(J,R ) and there exists Ay > 0 such that for
eacht € J, we have
I () < Ap(1)
are satisfied. Then the problem (IZI)—(IZI) is U-H-R stable with respect to @.

Proof. Let @ be a solution of the following inequality
[P0 @) — £(t,B(1), SDE@(1))] < ep(t), 1 € J. (14)
Let us denote by w the unique solution of the problem

‘Dhw(t) = f(t,0(t), Dio(r)), foreachr € J,0< p <1,

where ¥ € C(J,E) such that
Vo (1) = f(1, Yo + 1§ Do (1), Ba(t))

and

Yo o | ./ob“b‘es)p*les”“’“)"”‘}

By integration of the formula (T4), we obtain

1 ! t s\p—1 s
m/o(e — e P e Vg (s)ds

H(D(z)—‘l‘w—
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< elpo(t).
We have, for each t € J
o) — ()] = Hw(z)f‘Pw—ﬁ/ot(el,gs)pflgsﬁw(s)ds
1 ! 2 S — S

- Hw(’)_%_ﬁfo (¢ — )P e* O (5)ds
+ Fo7 ) € =P (90(5) = Bo(s)) s
< Hw(l)—lym—ﬁ/o.t(et_es)Pflesﬁw(s)dS
o7 o (€ =P B (0) — B (o) s

Indeed, by (H), we have, for each r € J

[0a(1) = V(@) = [ft.o(), %) - f(t,0(), V()]

IN

Gllo(t) — o)+ 69 (1) — Yo (1)l

Then
[9a (1) — Y (1)]| < ¢[|@ (1) — 0(1)]]-

Using (T3)) and (T6), we obtain

|@(r) — (1) < dpo(r)+ % /(:(ef — Pl |@(s) — o(s)| ds.

Then
¢||67—w\|5/’ f s\l
- < - - - _5\P N
@) —o@)] < elpp(r)+ ) O(e &P etds
Plo—olg—1)P
< edpo(t)+ Tp+1)
So
P o—0lg (1)
— <
[@-wle < eloo(r)+ 1)
Thus,
1@ — | {1—7"’(“’17_”')} < eloolr)
E To+1) | = e
From the condition (8)), it follows that
-1
o(h—1)P
[[@—ollg < €loop(t) {1 Tt 1)

ICMA2021-13
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Then, for each ¢t € J
—1

b —
u} =creQ(t).

Llp+1)
Therefore, the problem (I)-(2) is U-H-R stable with respect to ¢. This completes the proof. 0

180 -0l < Apepl) [1 -

Remark 3 Our results for the boundary value problem (m)—(@) remain true for the following
cases :

e [nitial value problem : ¢c; = 1,¢, = 0 and 8 arbitrary.
e Terminal value problem : c; =0,c, = 1 and 8 arbitrary.
e Anti-periodic problem : ¢; = cy # 0 and 6 = 0.

However, our results are not applicable for the periodic problem, i.e. for c; =1, ¢y = —1, and
5=0.

5. AN EXAMPLE

In this section, we will give an example to illustrate our main results. Let

E=1'= {a): (01, 0,...,0,...): Y o] <oo}
n=1
be the Banach space with the norm
oz =} on.
n=1

Consider the following boundary value problem for the nonlinear implicit fractional differential
equation :

1
1 ‘D2
D (1) = — N OIEID 0D g oy e 0,1, (an

3e200(1 4 @, (1) + <D} w0, (1))

@ (0) + @, (1) = 1. (18)

Where‘,: [071]7 b: 17 =0 = 6 = 17 o = (a)1,ﬂ)27...7(1)n,...), f: (f17f27'-'7fn7'-‘)7

1 1 1 1
Dy = (f.Dé o1, (Dyan,..., (D a)n,...) and

(3 + el [+ [[v[])
3¢ H200(1 + [[ul [+ []v]])”

ftuv) = t€10,1], u,v€E.
For any u,v,ii,v € E and f € [0, 1], we can show that

_ 2 _ _
[[f(t,u,v) = f(t,a,7)]] < W(H”—”HE+HV—VHE)~

2
Thus, for /1 = ¢ = 302007 we have
(b —1)P |1 4 e—1 6 87
0= 1 = ~2.047 x 10 <1
9=ty \!Tienl) =6 T 38200 ) x ’
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Hence, from Theorem [T1] The boundary value problem (I7)-(I8) has at least one solution on
[0,1]. On the other hand, with the choice of y () = ¢’ — 1. We find that

Ly = %\/ﬁ(d—l) < ;1\\/[; y(0).

4
Thus, (Hp) is satisfied with Ay = %. Therefore, From Theorem the BVP — is

U-H-R stable with respect to y.
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