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ABSTRACT

We prove LY — L" boundedness of a class of semiclassical Fourier integral operators defined
by smooth phase function and semiclassical rough symbols on the spatial variable x. We also
consider a spacial case of h-pseudodifferential operators.

1. INTRODUCTION

In this paper, we are concerned with the L” mapping properties of semiclassical Fourier
integral operators in the form

A @)f () = )" [ 90D E A, fES®). (LD

where ¢ is called the phase function, a is the symbol of the A-FIO Aj(a, @) and f € . (R") is
a Schwartz function. If the phase @(x,&) = (x,&), the h-FIO A, is called h-pseudodifferential
operator.

These operators arise in the construction of solution of partial differential equations as wave
equations, see [11l]. Hence regularity properties of these parametrices is an important question
to deal with. First works have been made with L? boundedness of h-PDO, with smooth symbols
[11}15]], the authors showed that the operator norm is independent of the semiclassical parameter
h if the symbol a is in the Schwartz space or is independent of /. L” regularity of this operators
was evoked by Zworski in [T1]] with symbols depending only on the frequency variable &, known
as Fourier multipliers.

For L? boundedness of h-FIO, their systematic study began with the work of Robert [§]
with admissible symbols. Earlier, Aitemrar and Senoussaoui []] proved L*>-boundedness and L-
compactness of a class of 4-FIO with weighted amplitudes. Recently, in [3]], we studied L” global
regularity of 4-FIO defined by weighted non-smooth symbols a(x, £) which behave in the spatial
variable x like L? functions and are smooth in the & variable.

In the same framework, the purpose of this paper is to consider symbols a(x,&,h) in the
class L/’Sgi 50 see deﬁnitionH below, that is functions a(.,&,h) € L” with all derivatives on &
and smooth in the frequency variable & dependently with #. We will see in that case, operator
norm of 4-PDO is dependent of /.

This class of symbols was considered in the works of [6] and [7] to study semiclassical
Schrodinger (or wave) operators of scattering problems, and in [2] and [4] to study microlocal
limits on manifolds.

2. DEFINITIONS OF SYMBOLS AND PHASE FUNCTIONS

In this section we introduce the classes of symbols and phase functions which will be used
throughout the paper.

ICMA2022-1



Proc. of the 1st Int. Conference on Mathematics and Applications, Dec 08-09 2022, Blida

Definition 2.1 GivenmeR, 0<p,<1,0<6 < %, 1<p<oand0<h<1. Leta(x,&, h) be
a measurable function in x € R" and a(x,&,h) € C* (Rg ), a.e. x € R". We say a(x,&,h) belongs
to the symbol class LP S";‘. S(R" ), if for each multi-index a € N" there exists a constant Co > 0

such that
e < —dlaf/gym—pla|
|ogat&.m],, g, < Car™*(&)
Example 2.2 Functions of type a(x,&,h) = (x, l%)’ with x € C3(R*") independent of h, be-

long to Lpsg_s, p> 1

We also need to describe the type of phase functions that we will deal with.

Definition 2.3 Let k € N. A real valued function ¢(x,&) € C*(R" x R"\ {0}) is called a phase
of order k if it is positively homogeneous of degree 1 in & and for each multi-indices @ and J3,
|| +|B| > k, there exists a constant C g > 0 such that

sup [E[711919290 9 (x,£)] < Cop- @1
(x,&)eR" xR"\ {0}

To prove global boundedness of 4-FIO, we should impose a further condition on the phase func-
tion.

Definition 2.4 A real valued phase function @ € C2(R" x R"\ {0}) is called strongly non-
degenerate, if there exists a constant C > 0 such that

2?9(x,&)

W > C‘7 for all ()C, 5) eR'xR" \ {0} (22)

‘ det

The condition 2-2) is called strong non-degeneracy condition (or SNDC for short).

Lemma 2.5 (Hausdorff-Young inequality) Letr p,q € R such that 1 < p <2 and % + % =1
Suppose that f € LP(R"). Then

Vall oy % 1l
where f, stands for the semiclassical Fourier transform of the function f,

Mo = [ ey, res @),

3. SEEGER SOGGE STEIN DECOMPOSITION

This decomposition was introduced in [10]] and detailed in [9]. It aims to linearise the phase
¢ on the frequency variable & using Littlewood-Paley decomposition twice. First, let ¥ € C7’ be
a smooth function on the closed ball B(0,2) centred at the origin with radius 2 and let ¥y € C°

with support supp¥ C {& e R : % < €| <2}. So, the Littlewood-Paley partition of unity is

Yo + Jf‘*’j(g) =1,
=0

where (&) = ¥(27/&). Second, we decompose each crown {2/-! < [&| <271} into trunca-

ted cones
<2.271 }
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Let xj"(f), v =1,---,J; be homogeneous functions of degree 0 supported in the cone I'Y, such
that

jzj xj (&) =1forall § #0andall j.
Thus, -
07} (§)] < Ca2 % [, 3.1)
To finish the Seeger Sogge Stein decomposition, we write R” =RE} & (é}')l-, that is,
E=618/+&, & = (&, &) is orthogonal to &'
Hence the derivative in the &; direction can be improved such as
2 xf (&) <Cnlgl™, N>1. 3.2)

Constructions ¥;’s and )(}”s allow us to define the second Littlewood-Paley partition of unity

Hence, now, we decompose the h-FIO Tj,(a, @), defined in (I.I) into a low-frequency part Ag,
and high frequency parts A7"", j > 1,v € {1,---,J;}, in the following way :

o w Jj
x)+ Z’lAflf(x) +Z Z
Jj= =1

J=1v

An(a, 9)f(x)

e [ Me%‘P(Xﬁi)f(y@a(x,§7h)q'0(§)f()’)dyd§

bt T E [ el 08 e €12 (€) F)

Jj= 1v 1
Otherwise, set ®(x,&) = ¢(x,§) — (Ve @(x,£}),&). Then

D(x,8) = (Veo(x,8) = Ve o(x,6]),8),

in view of Euler’s homogeneity formula. Furthermore, for N > 1,

08 D(x, &) <en2V, (3.3)
and N
[(Ve)V(x, &) <Cy2 7. (3.4)
In another hand, put
ay(x,&, h) = i@ 8a(x &, h)xj (E)¥;(&). 3.5)

Using these last notations, we can write A;l’ as an h-FIO with a linear phase function in &
as

A Fe) = @) [ A OCEDSGEnf(E)E, feSR). GO
The following Lemma is a straightforward application of Leibniz rule.
Lemma 3.1 Let a} be defined as in (33) where a € L? S;;‘y 5(R") and @ is a phase function of
order 2. Then for every multi-index o = (07, ') € Nx NA—1

Ha (&) H <cah-\a\<1+5> plm-lalp+lell/2)i £ cRM 0 <h< 1,
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4. MAIN RESULT

In this section we show that any 4-FIO of type (I.I) with symbol in the class L1’Sg’1 5 and

phase function of order 2 is LY — L"-bounded under some conditions on m, p and ¢ and. Using
decomposition (3.3), we shall prove first the LY — L"-boundedness of h-FIO Ag with compact
support symbol in the frequency variable & and thenceforth we move to prove this L9 — L'-
boundedness of the high frequency term A;l.

Theorem4.1 Ler0<p,<1,0<8< 1, 0<h<l,meR 0<r<oand1<p,q< oo such
that % = % + é Assume that ag € LpSg 5(R") and suppg ao(x, &, h) is compact and ¢ is a phase
function of order 2 satisfying the SNDC [2.2). Then

— n
14n (a0 @lgasy SN, N =max{nsm 2} +1.

We prove now the boundedness of the high frequency part.

Theorem4.2 Let 0<p,<1,0<8< 3 0<h<10<r<c, 1§p7qgooverlfy%:%+
é. Suppose that @ is a phase function of order 2 satisfying the SNDC @2.2) and assume a €
LP SZ’ s (R™) such that, for some € > 0,

1 /1 |
m< Pl o1 . C>0, EER @.1)
s 2 \s min(p,s)

with s = min(2, p,q), % + ;1, =1, and some M > J-. Then the h-FIO A (a, @) defined in (1)) is
bounded from L1(R") to L"(R") and

An(a, @)||rarr <Ch2MUH8) - c 50,

Note that if we study pseudodifferential operators (PDOs)
(e hD) () = (2m) " [ e 0Sa(x &, mL(E)dE. £ € S (R, (42
RVI

the phase (x,&) is linear in &. In this case the Seeger-Sogge-Stein decomposition is not neces-
sary to prove the global LY — L boundedness and it suffices to use just the Littlewood-Paley
decomposition. Thus we have the following result.

Theorem 4.3 Let0<p,<1,0<8<30<h<1,0<r<coand1<p,q<coverify L=
Assume that a € Lpsga(R") with

n(p—1)
min(2,p,q)’ @3

Then the h-PDO a(x,hD) is bounded from L1(R") to L"(R") and
e, D) 1y < 120,

. n
with M > 2min(2,p,q)"
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