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ABSTRACT
In this paper, we prove the existence and regularity of weak solutions for a class of nonlinear ani-
sotropic parabolic equations in the whole (0,T )×RN with pi(x) growth conditions and locally
integrable data. The functional setting involves Lebesgue-Sobolev spaces with variable expo-
nents. Our results are generalizations of the corresponding results in the constant exponent case
and some results given in Bendahmane and al. (Commun Pure Appl Anal 12 :1201–1220, 2013)

1. INTRODUCTION

Let us consider the following anisotropic parabolic problem :

(P)
{

∂tu−∑
N
i=1 Di(di(t,x,u)ai(t,x,Du))+F(t,x,u) = f in (0,T )×RN

u(0,x) = u0 on RN

where T > 0 a real number, f ∈ L1(0,T ;L1
loc(R

N)), u0 ∈ L1
loc(R

N), Diu := ∂u
∂xi

. Suppose that
ai : (0,T )×RN×RN →R, di : (0,T )×RN×R→R are Carathéodory functions and satisfying,
a.e. (t,x) ∈ (0,T )×RN , ∀u ∈ R, ∀ξ (ξ1, . . . ,ξN),ξ

′(ξ ′1, . . . ,ξ
′
N) ∈ RN , for all i = 1, . . . ,N, the

following :

ai(t,x,ξ )ξi ≥ β |ξi|pi(x), (1.1)

|ai(t,x,ξ )| ≤
(

g(t,x)+h(t,x)
N

∑
j=1
|ξ j|p j(x)

)1− 1
pi(x) , (1.2)

(ai(t,x,ξ )−ai(t,x,ξ ′))(ξi−ξ
′
i )> 0, ξi 6= ξ

′
i , (1.3)

c2

(1+ |u|)ρi(x)
≤ di(t,x,u)≤ c1, (1.4)

where β , c1, c2 are strictly positive real numbers, ρi(x)≥ 0, g ∈ L1(0,T ;L1
loc(R

N)), h ∈ L∞
loc are

a given positive functions, and the variable exponents pi : RN → (1,∞) are continuous functions.
Let F : (0,T )×RN ×R→ R be a Carathéodory function satisfying the following conditions :

sup
|σ |≤λ

|F(t,x,σ)| ∈ L1(0,T ;L1
loc(R

N)), ∀λ > 0, (1.5)

F(t,x,u)sign(u)≥
N

∑
i=1
|u|si(x), a.e. (t,x) ∈ (0,T )×RN , (1.6)

for all u ∈ R, where si(·)> 0, i = 1, ...,N are continuous functions on RN .
As a prototype example, we consider the model problem

(P0)

{
∂tu−∑

N
i=1

(
Di

(
|Diu|pi(x)−2Diu
(1+|u|)ρi(x)

)
−|u|si(x)−1u

)
= f in (0,T )×RN

u(0,x) = u0 in RN
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2. STATEMENTS OF RESULTS

Definition 2.1 A function u is a weak solution of problem (P) if :

u ∈ L1(0,T ;W 1,1
loc (R

N))∩
(

Ls+(·)
loc ((0,T )×RN)

)
, ai ∈ L1(0,T ;L1

loc(R
N)), i = 1, . . . ,N

and

−
∫ T

0

∫
RN

u∂tϕdxdt−
∫
RN

ϕ(0,x)u0(x)dx+

N

∑
i=1

∫ T

0

∫
RN

di(t,x,u)ai(t,x,Du)Diϕdxdt

+
∫ T

0

∫
RN

F(t,x,u)ϕdxdt =
∫ T

0

∫
RN

ϕ(t,x) f dxdt. (2.1)

∀ϕ ∈C1
c ([0,T )×RN), the C1

c functions with compact support.

Our main results are the following :

Theorem 2.2 Let f ∈ L1(0,T ;L1
loc(R

N)), ρi(x) = ρ , assume that pi(·), i = 1, ...,N are conti-
nuous functions such that for all i = 1, . . . ,N

2+
ρN−1
N +1

< pi(·)<
p(·)(N +1)
N(ρ +1)

,
1

p(·)
=

1
N

N

∑
i=1

1
pi(·)

, (2.2)

p(·)≤ N +
N(ρ+1)

N+1 , and
si(·)≥ pi(·), (2.3)

0≤ ρ < p′i(·)−1. (2.4)
Let ai be a Carathéodory function satisfying (1.1)-(1.3) and F satisfying (1.5)-(1.6). Then, the
problem (P) has at least one weak solution

u ∈
N⋂

i=1
Lq−i
(
0,T ;W 1,qi(·)

loc (RN)
)
,

where qi(·) : RN → [1,∞) are continuous function such that

1≤ qi(·)<
pi(·)
p(·)

(
p(·)− N(ρ +1)

N +1

)
, ∀x ∈ RN . (2.5)

Theorem 2.3 Let f ∈ L1(0,T ;L1
loc(R

N)) and assume that pi(·) > 1, si(·) > 0, ρi(·) ≥ 0, i =
1, . . . ,N are continuous functions on RN such that

si(·)> (1+ρ+(·))(pi(·)−1), ∀i = 1, . . . ,N. (2.6)

pi(·)> 1+
1+ρi(·)

s+(·)
. (2.7)

Let ai be a function satisfying (1.1)-(1.3) and F satisfy (1.5)-(1.6). Then, the problem (P) has at
least one weak solution

u ∈
N⋂

i=1
Lq−i
(
0,T ;W 1,qi(·)

loc (RN)
)
,

where qi(·) : RN → [1,∞) are continuous functions such that

1≤ qi(·)<
pi(·)s+(·)

1+ s+(·)+ρi(·)
. (2.8)
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3. CONCLUSIONS

In this paper, we have focused our attention on a class of nonlinear anisotropic parabolic
equations with degenerate coercivity of the form

(P)
{

∂tu+A(u)+F(t,x,u) = f in (0,T )×RN

u(0,x) = u0 on RN

where the differential operator A(u) = −∑
N
i=1 Di(di(t,x,u)ai(t,x,Du)) and The right-hand f in

L1(0,T ;L1
loc(R

N)), u0 in L1
loc(R

N). Suppose that ai : (0,T )×RN ×RN → R be a Carathéodory
function satisfying (1.1)-(1.3) and di : (0,T )×RN ×R→ R is a Carathéodory function satis-
fying :

c2

(1+ |u|)ρi(x)
≤ di(t,x,u)≤ c1, (3.1)

with c1,c2 > 0, and ρi(x)≥ 0 the differential operator A is not coercive if u is large.
Moreover, the lower order term F : (0,T )×RN ×R→ R is a Carathéodory function satis-

fying (1.5)-(1.6).
In this work, we have been able to prove the following results :
— For 0 ≤ ρi(x) = ρ < p′i(.)− 1, assume that pi(·), i = 1, ...,N are continuous functions

such that for all i = 1, . . . ,N

2+
ρN−1
N +1

< pi(·)<
p(·)(N +1)
N(ρ +1)

,

and
si(·)≥ pi(·),

we have established the existence and regularity of weak solutions to Problem (P) using
local estimates for suitable approximate problems with variable exponent that have hel-
ped us to deal with the lower-order term as well as the regularity of the solution u and
that’s after passing the limit.

— For ρi(·)≥ 0, si(·)> 0,pi(·)> 1, i = 1, . . . ,N are continuous functions on RN such that

si(·)> (1+ρ+(·))(pi(·)−1), ∀i = 1, . . . ,N.

pi(·)> 1+
1+ρi(·)

s+(·)
.

we proved, some existence and regularity results for a weak solutions u in

N⋂
i=1

Lq−i
(
0,T ;W 1,qi(·)

loc (RN)
)
,

where

1≤ qi(·)<
pi(·)s+(·)

1+ s+(·)+ρi(·)
.

We remind the reader that the same problem has been studied before and under certain
conditions by each of

— F. Mokhtari, Nonlinear anisotropic parabolic equations in RN with locally integrable
data, 2013
The case ρi(x) = 0,di = 1 and the variable exponent 2− 1

N+1 < pi(x) = pi <
p(N+1)

N ,

the problem (P) has at least one weak solution u ∈
⋂N

i=1 Lqi
(
0,T ;W 1,qi

loc (Ω)
)

where 1 ≤
qi <

pi
p
(

p− N
N+1

)
, ∀x ∈ RN .

ICMA2021-3



Proc. of the 1st Int. Conference on Mathematics and Applications, Nov 15-16 2021, Blida

— M. Bendahmane, K. H. Karlsen, M. Saad, Nonlinear anisotropic elliptic and parabolic
equations with variable exponents and L1-data, 2013
The case ρi(x) = 0,di = 1 is in a bounded domain Ω, with 2− 1

N+1 < pi(x)<
p(.)(N+1)

N ,

the problem (P) has at least one weak solution u ∈
⋂N

i=1 Lq−i
(
0,T ;W 1,qi(·)

0 (Ω)
)

where

1≤ qi(·)< pi(·)
p(·)
(

p(·)− N
N+1

)
, ∀x ∈Ω.
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