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ABSTRACT

In this paper, we consider the Cauchy problem for the semi-linear damped c-evolution equa-
tions, where the initial data are supposed to belong to the energy space with different additional
regularity, which means that,

(g, 1) € (H“(R”)HL’"‘ (R”)) x (LZ(R”)HL’”2(R”)>, mi,m € [1,2), 6> 1.

Our main goal is to study the influence of m; and m, on the critical exponent by proving the
global (in time) existence of small data energy solutions where their decay estimates coincide
with those to the corresponding linear equation.

1. INTRODUCTION
The semi-linear damped o-evolution equations we want to study in this paper are :
atzu + (_A)GM+ atu+ (_A)Gafu = ‘M‘p ) u(O,x) = uO(-x)7 atu(():x) =uy (x)7 (D

with 0 € [1,), p € (l,), t € [0,00) and x € R", n > 1.
Here, the notation (—A)° denotes the fractional Laplacian operator with symbol |£|2°, i.e.,

F (D)) =EP°F (1)(E), ER”, [&]= (& +--+&N'2,

where % is the Fourier transform. The terms J;(-) and (—A)®d;(-) they respectively denote
frictional and visco-elastic damping mechanism. In this paper we will choose the initial data
(ug,u;) that belong to the energy space H°(R") x L?(R") with different additional regularity,
that is,

up € HC(R")NL™(R"), uy € L2(R")NL™(R"), my,ms € [1,2). 2)

Our main goal is to study the influence of m; and m, not only on the critical exponent but on the
decay estimates of solutions u as well.

Indeed, critical exponent p..; means global (in time) existence of small data Sobolev solu-
tions for p > pcrir, and blow-up in finite time for 1 < p < p.;. Additionally, when p > pcir
the decay estimates for solution of the semi-linear Cauchy problem are the same for those of the
linear problem.

The pioneering paper [[1] is the first to deal with the problem of finding the critical exponent
Perir Where the initial data (vo,vy) are small in (H!(R")NL™(R")) x (L*(R")NL™(R")) and
m € [1,2], the authors in [1]] studied the existence property of solutions to the Cauchy problem
for the semi-linear wave equation with frictional damping

OFv—Av+0ov=ul”, v(0,x) =vp(x), Iv(0,x) = v; (x),
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and they found the number p,;; (n,m) which divides the range of p into p € (1, p¢yit(n,m)) (the
small data global nonexistence) and p € (perir(n,m), o) (the small data global existence), where

2m
PL-riz(n7m):1+7,m€[l,2]. (3)

It is clear that p.(n,m) interpolates the critical exponents perir(n,1) and pis(n,2). Here, we
note that the number p; (n, 1) is well-known as Fujita exponent which was first found by Hiro-
shi Fujita for the semilinear heat equation i — Ah = h”, h(0,x) = hy(x), p > 1.

More recently, the authors in [2]] used unified (L N L?) — L? linear estimates to prove the
global (in time) existence of small data solutions for the problem (m) and they found the following

critical exponent :

2mo
pmt(n,m,O')zlJrT7 m € [1,2), 4

where they choose the initial data (ug,u) as in 2) with m; = my = m.
Since perit(n,m, o) is always depends on the parameter m, this fact leads us to ask the following
question :

If we choose the initial data as in (), what happens to the critical exponent () ?

To answer this question, we will prove in this paper the global (in time) existence of small
data solutions to @) where our method is standard and is based on Banach fixed point theorem,
Gagliardo-Nirenberg inequality as well as the application of mixed L™ — L? linear estimates.

For the best reading of this paper, we have the following notation :

— We write f < g when there exists a constant ¢ > 0 such that f < cg.

— H°(IR") mean Sobolev spaces as defined below :

o
2

HP(R"):= {fe SR | e = 11+ )2 Z(H)ll e < °°}~

— We denote L™ (R") the usual Lebesgue spaces, with m € [1,2).

2. LINEAR ESTIMATES

The so-called L™ — L? linear estimates is a very important tool to demonstrate Theorem
We recall them in the following proposition.

Lemma 1 (Proposition 2.1 [2]) Let m € [1,2). Then, the Sobolev solutions u'™ to the following
linear equation :

Pul™ 4 (= A)Tul™ 4 Jut 4 (—A)° 0 ut™ = 0, u™(0,x) = up(x), du'™(0,x) = us(x), (5)
satisfy the (L NL?*) — L? estimates :
197 (=AY (1,2 < (1 +0)7 35 2~ 5 ol ey
U 271 PSS (O
and the L> — L? estimates :
197 (=)™ (¢, ) |2 S (141)7 2 7| 1t 41| g a1 » Q)
forany a >0, j=0,1 and for all space dimensions n > 1, where [-]T = max{0,-}.

Now, recalling the data spaces (2), we may obtain the following corollary.
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Corollary 2 Letmy,my € [1,2). Then, the Sobolev solutions u'™ 1o the linear equation (|5 satisfy
the (L™ NL?) — L? estimates :

. . _n (1L _1)_ a _;
197 (-2, 2 < (1403 273 g g

n 1 1 a .
T3 \m 2) 3¢/
+(1+1) f () 5 llenll g pgiaai-very

_n mL_L — AL .
(1+7) 2"(1 2) 2 H(u07u1)H(LmlmHa>><(Lm2mH[a+2(j—l)G]+) if my<my,
S ®)
1 .
(1075 )5 ) ey if i <m
0,U]1 (LlnlmHa)X(LmzmH[a+2(j 1)o] ) 1 S mp,

as well as (7).

3. MAIN RESULTS

Our main results are divided into two cases,
my; <mp and my < mj.

In the following theorem we will see the nice influence of m and m; on the critical exponent (E[)
when my < mj.

Theorem 3 Let us consider the Cauchy problem (I) with c > 1 and p > 1. Let my,my € [1,2)
such that
my < mj.

We assume the following conditions for p and the dimension n :

L <p< Mo if 20<n< 20

my n—20 2—my?
) O]
g <P if 1<n<2o0.
Moreover, we suppose
m 2m; o
p>—t 2 (10)
my

Then, there exists a constant & > 0 such that for any data

(g, u1) € ™20 (R := (H® (R") VL™ (R")) x (L2(R") mL’”l(]R”)) :

with || (ug, u1)|| gpm myo < &, we have a uniquely determined globally (in time) solution

ue € ([0,%),HO(R") " ([0,00),L2(R"))

to (|Z[) Furthermore, the solution satisfies the estimates :

_n (1 _ 1
[l g2y S (141) (s 3) (0 1) ggmi 2 ()

(L _ 1) 4
13t Mgy S (1407 G )7 g i)

1
2

3

_n 1
S(1+[) 2"( ) 2H(uo,ul)”%ml.mz.u(Rn).

H(fA)G/zu(l") [2(R7)
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In the following theorem, when m; < my, then the critical exponent (@) can only be influenced
by the parameter m, of the additional regularity of the second initial data (initial velocity).

Theorem 4 Let us consider the Cauchy problem (1)) with 6 > 1 and p > 1. Let my,m; € [1,2)
such that
mp < my.

We assume the same conditions for p and the dimension n as in (9). Moreover, we suppose

2my 6
p>1+ ";2 . (11)

Then we have the same conclusion as in Theorem (EI) Furthermore, the solution u satisfies the
estimates :

n 1
e My < 40 ) )

Rm1m0 (R 5

_n(L_1)_4
192, )2y S (140) o (s 4) [ (o, 1)l gy ma. (e

n 1 1

_n (1L _1)_ 1
H(—A)G/zu(l7') 5(1+[) 26 (1112 2) 2H(M()ﬂ/ll)Hl%m].mz.o'(]Rn).

L2 (Rn)

Remark 1 The conditions (I0), (T1) are assumed to get the same decay estimates of the semi-
linear model with those of the corresponding linear model [B). The bounds (9) on p and n appear
due to the application of Gagliardo-Nirenberg inequality.

4. CONCLUSIONS

We have proven in this paper how the different additional L™ regularity of the initial data
could possibly affect the critical exponent and also the decay estimates of the solutions to the
semi-linear Cauchy problem (T). In other words, Theorem (3) showed the influence of the ad-
ditional L™ regularity of ug not only on the critical exponent but also on the decay estimates.
While, the decay estimates in the second theorem are related to u; (see again Corollary [2). It is
clear that when m| = m; our results in Theorems [B] ] coincide with those in the cited paper [2]].

Because the two exponents of the global existence (I0) and (TI) are depend by the two
parameters of additional regularity m; and m,, the author ask the following question about a
blow-up result :

Question :

Does the solution u blows-up if the exponent p satisfies

. m 2m|o .
if m<my, or p< m—;+—n‘ if my <my?

2my o
p<l+ 2
n
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